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1 ���
1.1 ������	
���[S��

Navier-Stokes
/0�R��\

.















−ν△u + (u · ∇)u +
1

ρ
∇p = f in Ω,

−div u = 0 in Ω,

u = b on ∂Ω.

Ω

]����\?���QLM, ∂Ω


��PQ
, ρ


]����, ν > 0

��(�

, u = (u, v)T

���?��^�_`ab, p


���f�, f = (f, g)T

���� !�	"#$%&#'�(Z)�

, b(x, y)



Dirichlet
PQ*+�,-.\/� 0#��.\.#1"

, b(x, y)



Gauss
�2!�3
∫∫

Ω

div u dx dy =

∫

∂Ω

b · n dS = 0,�['
,

∫

∂Ω

b · n dS = 0,R4#5607 8
.99	

, n



∂Ω
�):$"#64_`ab,

∫

∂Ω

dS



∂Ω
�;6\PQ<NR=.
��.\.B#

,
PQ

∂Ω
�>@2N?@�A

,
.BC

∂Ω = Γ1 ∪ Γ2 ∪ · · · ∪ ΓN ( Γi


>@2N
),�cD

,E�*+
���[S�F$=G\.

∫

∂Ω

b · n dS =
N
∑

i=1

∫

Γi

b · n dS = 0.9�*+RHI]J*+�8S.K
i (i = 1, 2, · · · , N)

�L8M
∫

Γi

b · n dS = 0.R4#. 7
,HI]J*+R4#..

9��$
Navier-Stokes
/0��Y�NO?YPQ�R50M8\

. (H.Fujita , O.A.Ladyzhenskaya)"!"
,
9�*+?2SGT

,HI]J*+�4?2S.\cD
,
Y?HIQ�&\!US!
� 0M88

.�9	
,
���	
HI]J*+�4?2S.\[S��R��,

�����,"M?L��=;<R)V#�	WX.\.
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LM Ω
R���[S��LM���.\.

Ω = {x ∈ R
2; a < |x| < 1}#1"

a



0 < a < 1
R4#.���.\.

B#
,
PQ

Γ1 , Γ2

R��[S�;Z
.

Γ1 = {x ∈ R
2; |x| = a}

Γ2 = {x ∈ R
2; |x| = 1}

er , eθ

R��/:
,��/:�"#_`ab�"M, µ , ω1 , ω2


/� 0#��
,

R1 = a , R2 = 1 �.\.

Navier-Stokes
/0��PQ=

b
R

b =
µ

Ri

er +Riωieθ on Γi (µ 6= 0 , i = 1, 2),�.\�, b

HI]J*+�4R4#..� 

,
):$64_`ab n

?
n =

{

−er on Γ1

er on Γ2�	
,

∫

Γ1

b · n dS =

∫

Γ1

(µ

a
er + aωieθ

)

· (−er) dS

= −

∫

Γ1

µ

a
dS = −

∫ 2π

0

µ

a
a dθ

= −2πµ,

∫

Γ2

b · n dS =

∫

Γ2

(µer + ωieθ) · er dS

=

∫

Γ2

µ dS =

∫ 2π

0

µ dθ

= 2πµ.[VM
, µ 6= 0

 7
,HI]J*+�4R4#..E� b

�,"M
, ν = ρ = 1 , f = 0

	&\cD
���[S��Y
u0

?NO.\9�?
H.Morimoto[7]

	R50M8\
.

u0 =
µ

r
er + b(µ, r)eθ#1"

, r

K��	�! �
 	, b(µ, r)



µ
�=�[VM���[S��B\

.

(1) µ 6= −2ν
��$,

b(µ, r) =
c1
r

+ c2r
1+

µ

ν ,

3



c1 =
ω1a

2 − ω2a
2+

µ

ν

1 − a2+
µ

ν

, c2 =
ω2 − ω1a

2

1 − a2+
µ

ν

.

(2) µ = −2ν
��$,

b(µ, r) =
1

r
(c1 + c2 log r),

c1 = ω2 , c2 =
ω1a

2 − ω2

log a
.>L���=;<�"M
,

�=+,	��#Navier-Stokes
/0��Y?U�0���YR-."M8\!R��.\.

��#��,
��&'6�;6\&'NO��,

�=Y���Y������(R�	�"M4\.
�

,E�PQ=���R��#cDR��\.

b =
( µ

Ri

+ ϕi(θ)
)

er + (Riωi + ψi(θ))eθ on Γi, (i = 1, 2)#1"
, ϕi(θ) , ψi(θ)


�
2π
�� !�	

,
���*+R4#.

.

∫ 2π

0

ϕi(θ)dθ = 0 ,

∫ 2π

0

ψi(θ)dθ = 0��R��#cD����
µ 6= 0

��$
, HI]J*+�4R4#..9��$, ν, a, ω1, ω2

?���*+
|ω1 − ω2|

a2

1 − a2
(log a)2 < 2νR4#"M8\cD

,
&\>���,�D M

�,"
,��� µ ∈ R\M �"M, ϕi , ψi (i =

1, 2)
?�N�58 7

Navier-Stokes
/0��Y?NO.\9�? H.Morimoto and S.Ukai[8]	R50M8\

.?L���=;<
,
9�9�R��.\����,

9�*+R�#58cD	�Y?NO.\!US!�L8M��\9�	&\.
���	


,

ν = ρ = 1 , a = 0.5 , f = 0,

( ϕi(θ), ψi(θ) ) = (ARi cos θ, BRi sin θ) ( A,B

���;�).���"M��\.

9��$*+�R ω1, ω2

�L8M�3.\�
|ω1 − ω2| <

6

(log 2)2
; 12, 488.�\�	, �W��� µ, ω1, ω2, A,B

R !��#cD�Y�L8M��\
.9����"#
����;'	&\.

BT
,$?%	&'�"M
�����R��",$(%	�� Stokes

/0�R(�%��&'R)8#��&'6�['�=Q�YZ. $*%	

Stokes

/0���=YR��=�"M, Newton6R)8\9�	Navier-Stokes
/0��-.YR��\. $+%	
,

�=;<������;<@ARWX.\. $,%	
,;<	)8#TUVWXRWX.\.
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2 ��
2.1 �������	
��%	

��������R)S.��\LM Ω


]����\?���QLM, ∂Ω

��PQ�.\.���	


,

Ω = {x ∈ R
2; a < |x| < 1}

Γ1 = {x ∈ R
2; |x| = a} , Γ2 = {x ∈ R

2; |x| = 1}

∂Ω = Γ1 ∪ Γ2�.\.
#1"

a



0 < a < 1
R4#.��

.B#
, R1 = a , R2 = 1 �;Z.

ρ

]�����.\.

ν > 0

��(��.\.

u = (u, v)T

���?��^�_`ab�.\.

p

���f��.\.

f = (f, g)T

���� !�	"#$%&#'�(Z)��.\.

b(x, y)



Dirichlet
PQ*+�,-.\/� 0#��.\.���	


,
��R��"8cD


,

b =
µ

Ri

er +Riωieθ on Γi, (i = 1, 2)��R��.\cD

,

b =
( µ

Ri

+ A cos θ
)

er + (Riωi +B sin θ)eθ on Γi, (i = 1, 2)�.\.
#1"

µ , ω1 , ω2 , A ,B

/� 0#��

, er , eθ


��/:
,��/:�"#_`ab�.\.���

L2(Ω), H1(Ω)
R����	�.\

.

L2(Ω) =
{

u : Ω → R;

∫∫

Ω

|u|2 dx dy <∞
}

H1(Ω) =
{

u ∈ L2(Ω);
∂u

∂x
,
∂u

∂y
∈ L2(Ω)

}
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3 ��Stokes���
3.1 �����	�
�

Navier-Stokes
/0��-.YR��\#��
,

BT
Stokes

/0��-.YR��\�&?&\
.LM Ω
R�%NO"#�C, Rits-Galerkin6�['-./0�R12",

�0RY8M��&'YR��\.
��\

Stokes
/0�
���[S��	&\

.

ν△u(x, y) −
1

ρ

∂p

∂x
(x, y) + f = 0 in Ω,

ν△v(x, y) −
1

ρ

∂p

∂y
(x, y) + g = 0 in Ω,

−div u = 0 in Ω,

u(x, y) = b(x, y) on ∂Ω.��
,
9����,.\�%�R��\. u∗, v∗



∂Ω E	�R4#.�NQ�?��,

p∗

�NQ�>���.\.E�$>�! $(������0�0 u∗, v∗, p∗

R�6M
Ω E<N.\�����R�\

.

ν

∫∫

Ω

(△u)u∗ dx dy −
1

ρ

∫∫

Ω

∂p

∂x
u∗ dx dy +

∫∫

Ω

fu∗ dx dy = 0,

ν

∫∫

Ω

(△v)v∗ dx dy −
1

ρ

∫∫

Ω

∂p

∂y
v∗ dx dy +

∫∫

Ω

gv∗ dx dy = 0,

−

∫∫

Ω

∂u

∂x
p∗ dx dy −

∫∫

Ω

∂v

∂y
p∗ dx dy = 0

Green
���

, Gauss
���

, u∗, v∗
?PQ	

0
�\9�[',E 2

�R��[S��%	$\
.

−ν

∫∫

Ω

(∇u · ∇u∗) dx dy +
1

ρ

∫∫

Ω

∂u∗

∂x
p dx dy +

∫∫

Ω

fu∗ dx dy = 0,

−ν

∫∫

Ω

(∇v · ∇v∗) dx dy +
1

ρ

∫∫

Ω

∂v∗

∂y
p dx dy +

∫∫

Ω

gv∗ dx dy = 0.99	
, E,F ∈ H1(Ω), G,H ∈ L2(Ω)

�,"M
,
���
�R�.\.



















































〈E,F 〉 =

∫∫

Ω

(

∂E

∂x

∂F

∂x
+
∂E

∂y

∂F

∂y

)

dx dy,

x[F,G] =

∫∫

Ω

∂F

∂x
Gdx dy,

y[F,G] =

∫∫

Ω

∂F

∂y
Gdx dy,

(G,H) =

∫∫

Ω

GH dxdy.
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90 �
�R)8\��� Stokes
/0���%�
��[S�=G\

.



















−ν〈u∗, u〉 +
1

ρ
x[u

∗, p] + (u∗, f) = 0,

−ν〈v∗, v〉 +
1

ρ
y[v

∗, p] + (v∗, g) = 0,

−x[u
∗, p] −y [v∗, p] = 0.

3.2 �������		�
�%	
K(�%&' ���&'� e
�L8M !�"#cD��%�R12.\.E	="#�� Stokes

/0���%��;8M
, u, v, p, f, g, u∗, v∗, p∗

�-.�R�0�0
, û, v̂, p̂, f̂ , ĝ, û∗, v̂∗, p̂∗ �"M !�.\�,

����%�R�\
.



































∑

e

{

−ν〈û∗, û〉e +
1

ρ
x[û

∗, p̂]e + (û∗, f̂)e

}

= 0,

∑

e

{

−ν〈v̂∗, v̂〉e +
1

ρ
y[v̂

∗, p̂]e + (v̂∗, ĝ)e

}

= 0,

∑

e

{−x[û
∗, p̂]e −y [v̂∗, p̂]e} = 0.#1"

,



















































〈E,F 〉e =

∫∫

e

(

∂E

∂x

∂F

∂x
+
∂E

∂y

∂F

∂y

)

dx dy,

x[F,G]e =

∫∫

e

∂F

∂x
Gdx dy,

y[F,G]e =

∫∫

e

∂F

∂y
Gdx dy,

(G,H)e =

∫∫

e

GH dxdy.�.\. ( E,F ∈ H1(e), G,H ∈ L2(e) )9��R5 ��%"M
,��Q�%?	�\[S�.\.

��
��%.\#���&��R��.\
.(�%&' e
�L8M

,�R P0, P1, P2 ,
�

P1P2

���R
P3 ,
�

P2P0

���R
P4 ,�

P0P1

���R
P5 �.\.B#

,]^ u, v

K&'�����	, f� p


��4	��\9��.\.

P0 , P1 , P2

���RK!
(x0, y0) , (x1, y1) , (x2, y2) �"M, λ0, λ1, λ2

R����	�.\
.



































λ0(x, y) =
(x1y2 − x2y1)

D
+

(y1 − y2)

D
x+

(x2 − x1)

D
y,

λ1(x, y) =
(x2y0 − x0y2)

D
+

(y2 − y0)

D
x+

(x0 − x2)

D
y,

λ2(x, y) =
(x0y1 − x1y0)

D
+

(y0 − y1)

D
x+

(x1 − x0)

D
y.
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#1"
, D



P0P1 , P0P2

R?��.\�)��%��<	,
���	=50\

.

D =

∣

∣

∣

∣

∣

∣

∣

1 x0 y0

1 x1 y1

1 x2 y2

∣

∣

∣

∣

∣

∣

∣

.9��$ {λ0, λ1, λ2}



λi(Pj) = δij (i, j = 0, 1, 2)R4#.�	
, >�����VM8\.B#

, ?���� {φ0, φ1, φ2, φ3, φ4, φ5}

>����R)8M,

���[S��	$\
.







































φ0 = λ0(2λ0 − 1),

φ1 = λ1(2λ1 − 1),

φ2 = λ2(2λ2 − 1),

φ3 = 4λ1λ2,

φ4 = 4λ2λ0,

φ5 = 4λ0λ1.

φi



, φi(Pj) = δij (i, j = 0, 1, · · · , 5)

R�#"M8\
.

S
R&' e

��<�.\�, S = D/2
	&'

,
�<���<N��

∫∫

e

λl
0λ

m
1 λ

n
2 dx dy = 2S

l!m!n!

(l +m+ n+ 2)!
(l,m, n ≥ 0)?2S.\

.��
αi , βi

R
,















































































α0 :=
y1 − y2

D
,

α1 :=
y2 − y0

D
,

α2 :=
y0 − y1

D
,

β0 :=
x2 − x1

D
,

β1 :=
x0 − x2

D
,

β2 :=
x1 − x0

D
,��.\.

.\�,

∂φi

∂x
=

∂

∂x
(λi(2λi − 1))

= (4λi − 1)αi, (i = 0, 1, 2)

∂φ3

∂x
=

∂

∂x
(4λ1λ2)

= 4α1λ2 + 4α2λ1,
∂φ4

∂x
= 4α2λ0 + 4α0λ2,

∂φ5

∂x
= 4α0λ1 + 4α1λ0,

8



?2S.\
.

φi

�
y
�L8M��N�

αi

R
βi

��$��07
,
���@AR�\

.B#
αi , βi

���['
α0 + α1 + α2 =

1

D
{(y1 − y2) + (y2 − y0) + (y0 − y1)}

= 0,

β0 + β1 + β2 =
1

D
{(x2 − x1) + (x0 − x2) + (x1 − x0)}

= 0�\.

ci (i = 0, 1, 2)
R���[S��.\

.











c0 := α1α2 + β1β2,

c1 := α2α0 + β2β0,

c2 := α0α1 + β0β1.5 �
, c̄ := c0 + c1 + c2 �.\.E���#, >���� λi , ?���� φi

R)8\� û, v̂, p̂, f̂ , ĝ, û∗, v̂∗, p̂∗

��[S�=50\

.

û =
5
∑

i=0

uiφi(x, y), û∗ =
5
∑

i=0

u∗iφi(x, y),

v̂ =

5
∑

i=0

viφi(x, y), v̂∗ =

5
∑

i=0

v∗i φi(x, y),

p̂ =
2
∑

i=0

piλi(x, y), p̂∗ =
2
∑

i=0

p∗iλi(x, y),

f̂ =

5
∑

i=0

fiφi(x, y), ĝ∗ =

5
∑

i=0

g∗i φi(x, y).#1"
, ui

U

u
�K� Pi

�;6\=R=.���"M)8M8\.9�(�RE��%����.\.

〈û∗, û〉e =

〈

5
∑

i=0

u∗iφi,
5
∑

j=0

ujφj

〉

e

=
5
∑

i=0

5
∑

j=0

u∗i 〈φi, φj〉euj

= û∗
T

e Âeûe.

〈v̂∗, v̂〉e =

〈

5
∑

i=0

v∗i φi,

5
∑

j=0

vjφj

〉

e

=

5
∑

i=0

5
∑

j=0

v∗i 〈φi, φj〉evj

= v̂∗
T

e Âev̂e.
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x[û
∗, p̂]e =

[

5
∑

i=0

u∗iφi,
∑

pjλj

]

e

=

5
∑

i=0

2
∑

j=0

u∗i x[φi, λj]epj

= û∗
T

e B̂ep̂e.

y[v̂
∗, p̂]e =

[

5
∑

i=0

v∗i φi,

2
∑

j=0

pjλj

]

e

=

5
∑

i=0

2
∑

j=0

v∗i y[φj, λi]epj

= v̂∗
T

e Ĉep̂e.

x[û, p̂
∗]e =

[

5
∑

j=0

ujφj,

2
∑

i=0

p∗iλi

]

e

=

5
∑

j=0

2
∑

i=0

p∗i x[φj, λi]euj

= p̂∗
T

e B̂e

T
ûe.

y[v̂, p̂
∗]e =

[

5
∑

j=0

vjφj ,

2
∑

i=0

p∗iλi

]

e

=

5
∑

j=0

2
∑

i=0

p∗i y[φj, λi]evj

= p̂∗
T

e Ĉe

T
v̂e.

(û∗, f)e =

(

5
∑

i=0

u∗iφi,

5
∑

j=0

fjφj

)

e

=

5
∑

i=0

5
∑

j=0

u∗i (φi, φj)efj

= û∗
T

e D̂ef̂e.

(û∗, g)e =

(

5
∑

i=0

u∗iφi,

5
∑

j=0

gjφj

)

e

=

5
∑

i=0

5
∑

j=0

u∗i (φi, φj)egj

= û∗
T

e D̂eĝe.K!��.\�,
���/0�R�\

.































∑

e

û∗
T

e

{

νρÂeûe − B̂ep̂e − ρD̂ef̂e

}

= 0,

∑

e

v̂∗
T

e

{

νρÂev̂e − Ĉep̂e − ρD̂eĝe

}

= 0,

∑

e

p̂∗
T

e

{

−B̂e

T
ûe − Ĉe

T
v̂e

}

= 0.
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#1"
,
K

e
�,"M

, ûe, û
∗

e, v̂e, v̂
∗

e, p̂e, p̂
∗

e, f̂e, ĝe


K� Pi

	�=R��#*_`ab	
, Âe, D̂e


,),*�)*	, B̂e, Ĉe


,)(*�)*	&',
K2N
����	�.\

.










































(Âe)ij = 〈φi, φj〉e =

∫∫

e

(

∂φi

∂x

∂φj

∂x
+
∂φi

∂y

∂φj

∂y

)

dx dy

(B̂e)ij = x[φi, λj]
e =

∫∫

e

∂φi

∂x
λj dx dy

(Ĉe)ij = y[φi, λj]
e =

∫∫

e

∂φi

∂y
λj dx dy

(D̂e)ij = (φi, φj)e =

∫∫

e

φiφj dx dy��%	;��&'(�)* Âe, B̂e, Ĉe, D̂e

R+,.\
.

3.3 ������	��9�%	
&'(�)* Âe, B̂e, Ĉe, D̂e

R;��+,�['��\9��.\.

Âe

�K2N
〈φi, φj〉e

R��\. Âe

�,	�['
,E
N (i ≤ j)

��9�	��07[8.

i = 0, 1, 2
��$,

〈φi, φi〉e =

∫∫

e

(

∂φi

∂x

)2

+

(

∂φi

∂y

)2

dx dy

=

∫∫

e

((4λi − 1)αi)
2 + ((4λi − 1)βi)

2 dx dy

= (α2
i + β2

i )

∫∫

e

(16λ2
i − 8λi + 1) dx dy

= (α2
i + β2

i )2S

[

16
2!

4!
− 8

1

3!
+

1

2!

]

= (α2
i + β2

i )S�\.

i, j = 0, 1, 2 i 6= j
��$,

〈φi, φj〉e =

∫∫

e

(

∂φi

∂x

)(

∂φj

∂x

)

+

(

∂φi

∂y

)(

∂φj

∂x

)

dx dy

=

∫∫

e

((4λi − 1)αi)((4λj − 1)αj) + ((4λi − 1)βi)((4λj − 1)βj) dx dy

= (αiαj + βiβj)

∫∫

e

(16λiλj − 4λi − 4λj + 1) dx dy

= (αiαj + βiβj)2S

[

16
1

4!
− 4

1

3!
− 4

1

3!
+

1

2!

]

= −
1

3
(αiαj + βiβj)S�\.

11



〈φ0, φ3〉e =

∫∫

e

(4λ0 − 1)α0(4α1λ2 + 4α2λ1) + (4λ0 − 1)β0(4β1λ2 + 4β2λ1) dx dy

= 4(α0α1 + β0β1)

∫∫

e

(4λ0 − 1)λ2 dx dy

+4(α0α2 + β0β2)

∫∫

e

(4λ0 − 1)λ1 dx dy99	
, i 6= j

��$ (i, j = 0, 1, 2)

∫∫

e

(4λi − 1)λj dx dy =

∫∫

e

4λiλj − λj dx dy

= 2S

[

4
1

4!
−

1

3!

]

= 0�\�	,

〈φ0, φ3〉e = 0?2S.\
.
B#���

,

〈φ1, φ4〉e = 〈φ2, φ5〉e = 0�2S.\
.

〈φ0, φ4〉e =

∫∫

e

(4λ0 − 1)α0(4α2λ0 + 4α0λ2) + (4λ0 − 1)β0(4β2λ0 + 4β0λ2) dx dy

= 4(α0α2 + β0β2)

∫∫

e

(4λ0 − 1)λ0 dx dy

+4(α2
0 + β2

0)

∫∫

e

(4λ0 − 1)λ2 dx dy

= 4(α0α2 + β0β2)

∫∫

e

(4λ0 − 1)λ0 dx dy

= 4(α0α2 + β0β2)2S

[

4
2!

4!
−

1

3!

]

=
4

3
(α0α2 + β0β2)S

=
4

3
c1S.

12



B#
, ci
R)8M���@A�����\

.



































































〈φ0, φ5〉e =
4

3
c2S,

〈φ1, φ3〉e =
4

3
c0S,

〈φ1, φ5〉e =
4

3
c2S,

〈φ2, φ3〉e =
4

3
c0S,

〈φ2, φ4〉e =
4

3
c1S.

〈φ3, φ3〉e =

∫∫

e

(4α1λ2 + 4α2λ1)
2 + (4β1λ2 + 4β2λ1)

2 dx dy

= 16(α2
1 + β2

1)

∫∫

e

λ2
2 dx dy + 32(α1α2 + β1β2)

∫∫

e

λ1λ2 dx dy

+16(α2
2 + β2

2)

∫∫

e

λ2
1 dx dy

=
8

3

{

(α2
1 + β2

1) + (α1α2 + β1β2) + (α2
2 + β2

2)
}

S

=
8

3
{α1(α1 + α2) + β1(β1 + β2) − α2(α0 + α1) − β2(β0 + β1)}S

= −
8

3
{(α0α1 + α1α2 + α2α0) + (β0β1 + β1β2 + β2β0)}S

= −
8

3
(c0 + c1 + c2)S

= −
8

3
c̄S.���

,

〈φ4, φ4〉e = 〈φ5, φ5〉e = −
8

3
c̄S?2S.\

.
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〈φ3, φ4〉e =

∫∫

e

(4α1λ2 + 4α2λ1)(4α0λ2 + 4α2λ0)

+(4β1λ2 + 4β2λ1)(4β0λ2 + 4β2λ0) dx dy

= 16(α0α1 + β0β1)

∫∫

e

λ2
2 dx dy + 16(α1α2 + β1β2)

∫∫

e

λ0λ2 dx dy

+16(α0α2 + β0β2)

∫∫

e

λ1λ2 dx dy + 16(α2
2 + β2

2)

∫∫

e

λ0λ1 dx dy

=
4

3

{

2(α0α1 + β0β1) + (α1α2 + β1β2) + (α0α2 + β0β2) + (α2
2 + β2

2)
}

S

=
4

3
{2(α0α1 + β0β1) + (α1α2 + β1β2) + (α0α2 + β0β2)

− α2(α0 + α1) − β2(β0 + β1)}S

=
8

3
(α0α1 + β0β1)S

=
8

3
c2S.

〈φ3, φ5〉e =

∫∫

e

(4α1λ2 + 4α2λ1)(4α0λ1 + 4α1λ0)

+(4β1λ2 + 4β2λ1)(4β0λ1 + 4β1λ0) dx dy

= 16(α0α1 + β0β1)

∫∫

e

λ1λ2 dx dy + 16(α2
1 + β2

1)

∫∫

e

λ0λ2 dx dy

+16(α0α2 + β0β2)

∫∫

e

λ2
1 dx dy + 16(α1α2 + β1β2)

∫∫

e

λ0λ1 dx dy

=
4

3

{

2(α0α2 + β0β2) + (α0α1 + β0β1) + (α1α2 + β1β2) + (α2
1 + β2

1)
}

S

=
8

3
(α0α2 + β0β2)S

=
8

3
c1S.

〈φ4, φ5〉e =

∫∫

e

(4α0λ2 + 4α2λ0)(4α0λ1 + 4α1λ0)

+(4β0λ2 + 4β2λ0)(4β0λ1 + 4β1λ0) dx dy

= 16(α2
0 + β2

0)

∫∫

e

λ1λ2 dx dy + 16(α0α1 + β0β1)

∫∫

e

λ0λ2 dx dy

+16(α0α2 + β0β2)

∫∫

e

λ0λ1 dx dy + 16(α1α2 + β1β2)

∫∫

e

λ2
0 dx dy

=
4

3

{

2(α1α2 + β1β2) + (α0α2 + β0β2) + (α1α0 + β1β0) + (α2
0 + β2

0)
}

S

=
8

3
(α1α2 + β1β2)S

=
8

3
c0S.
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90	
Âe

�K2N
〈φi, φj〉e

R��\9�?	$#.��
B̂e

�K2N
x[φi, λj ]

e
R��\.

i = 0, 1, 2
��$,

x[φi, λi]
e =

∫∫

e

(4λi − 1)αiλi dx dy

= αi

∫∫

e

(4λ2
i − λi) dx dy

= αi2S

[

4
2!

4!
−

1

3!

]

=
1

3
αiS?2S.\

.

i, j = 0, 1, 2 i 6= j
��$,

x[φi, λj]
e =

∫∫

e

(4λi − 1)αiλj dx dy

= αi

∫∫

e

(4λiλj − λj) dx dy

= αi2S

[

4
1

4!
−

1

3!

]

= 0?2S.\
.

x[φ3, λ0]
e =

∫∫

e

(4α1λ2 − 4α2λ1)λ0 dx dy

= 4α1

∫∫

e

λ0λ2 dx dy + 4α2

∫∫

e

λ1λ0 dx dy

=
1

3
(α1 + α2)S.���

,










x[φ4, λ1]
e =

1

3
(α2 + α0)S.

x[φ5, λ2]
e =

1

3
(α0 + α1)S.?2S.\

.

x[φ3, λ1]
e =

∫∫

e

(4α1λ2 − 4α2λ1)λ1 dx dy

= 4α1

∫∫

e

λ1λ2 dx dy + 4α2

∫∫

e

λ2
1 dx dy

=
1

3
(α1 + 2α2)S.
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���
,































































x[φ3, λ2]
e =

1

3
(2α1 + α2)S,

x[φ4, λ0]
e =

1

3
(2α2 + α0)S,

x[φ4, λ2]
e =

1

3
(α2 + 2α0)S,

x[φ5, λ0]
e =

1

3
(α0 + 2α1)S,

x[φ5, λ1]
e =

1

3
(2α0 + α1)S?2S.\

.90	
B̂e

�K2N
x[φi, λj]

e
R��\9�?	$#.

Ĉe

�K2N
y[φi, λj]

e
�L8M


, B̂e

�K2N	
αi

R
βi (i = 0, 1, 2) ��$��07�B\

.���
D̂e

�K2N
(φi, φj)e

R��\.

D̂e

�,	�['
,E
N (i ≤ j)

��9�	��07[8.

i = 0, 1, 2
��$,

(φi, φi)e =

∫∫

e

(2λ2
i − λi)

2 dx dy

=

∫∫

e

(4λ4
i − 4λ3

i + λ2
i ) dx dy

= 2S

[

4
4!

6!
− 4

3!

5!
+

2!

4!

]

=
1

30
S?2S.\

.

i, j = 0, 1, 2 i 6= j
��$,

(φi, φj)e =

∫∫

e

(2λ2
i − λi)(2λ

2
j − λj) dx dy

=

∫∫

e

(4λ2
iλ

2
j − 2λ2

iλj − 2λiλ
2
j + λiλj) dx dy

= 2S

[

4
2!2!

6!
− 2

2!

5!
− 2

2!

5!
+

1

4!

]

= −
1

180
S?2S.\

.
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(φ0, φ3)e =

∫∫

e

(2λ2
0 − λ0)(4λ1λ2) dx dy

=

∫∫

e

(8λ2
0λ1λ2 − 4λ0λ1λ2) dx dy

= 2S

[

8
2!

6!
− 4

1

5!

]

= −
1

45
S.���

,

(φ1, φ4)e = (φ2, φ5)e = −
1

45
S?2S.\

.

(φ0, φ4)e =

∫∫

e

(2λ2
0 − λ0)(4λ2λ0) dx dy

=

∫∫

e

(8λ3
0λ2 − 4λ2

0λ2) dx dy

= 2S

[

8
3!

6!
− 4

2!

5!

]

= 0.���
,

(φ0, φ5)e = (φ1, φ3)e = (φ1, φ5)e = (φ2, φ3)e = (φ2, φ4)e = 0?2S.\
.

(φ3, φ3)e =

∫∫

e

(4λ1λ2)
2 dx dy

= 16

∫∫

e

λ2
1λ

2
2 dx dy

= 16

(

2S
2!2!

6!

)

=
8

45
S.���

,

(φ4, φ4)e = (φ5, φ5)e =
8

45
S?2S.\

.
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(φ3, φ4)e =

∫∫

e

(4λ1λ2)(4λ2λ0) dx dy

= 16

∫∫

e

λ0λ1λ
2
2 dx dy

= 16

(

2S
2!

6!

)

=
4

45
S.���

,

(φ3, φ5)e = (φ4, φ5)e =
4

45
S?2S.\

.90	
D̂e

�K2N
(φi, φj)e

R��\9�?	$#.[VM
,
)*

Âe , B̂e , Ĉe , D̂e

�K2NR��\9�?	$#.+,@ARB��\&'(�)* Âe , B̂e , Ĉe , D̂e

R=R.\
.

D =

∣

∣

∣

∣

∣

∣

∣

1 x0 y0

1 x1 y1

1 x2 y2

∣

∣

∣

∣

∣

∣

∣

,

S =
1

2
D,























































































































α0 :=
y1 − y2

D
,

α1 :=
y2 − y0

D
,

α2 :=
y0 − y1

D
,

β0 :=
x2 − x1

D
,

β1 :=
x0 − x2

D
,

β2 :=
x1 − x0

D
,

c0 := α1α2 + β1β2,

c1 := α2α0 + β2β0,

c2 := α0α1 + β0β1,

c̄ := c0 + c1 + c2,
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�.\�,

Âe =
S

3





















3(α2
0 + β2

0) −c2 −c1 0 4c1 4c2
−c2 3(α2

1 + β2
1) −c0 4c0 0 4c2

−c1 −c0 3(α2
2 + β2

2) 4c0 4c1 0

0 4c0 4c0 −8c̄ 8c2 8c1
4c1 0 4c1 8c2 −8c̄ 8c0
4c2 4c2 0 8c1 8c0 −8c̄





















B̂e =
S

3





















α0 0 0

0 α1 0

0 0 α2

α1 + α2 α1 + 2α2 2α1 + α2

2α2 + α0 α2 + α0 α2 + 2α0

α0 + 2α1 2α0 + α1 α0 + α1





















Ĉe =
S

3





















β0 0 0

0 β1 0

0 0 β2

β1 + β2 β1 + 2β2 2β1 + β2

2β2 + β0 β2 + β0 β2 + 2β0

β0 + 2β1 2β0 + β1 β0 + β1





















D̂e =
S

180





















6 −1 −1 −4 0 0

−1 6 −1 0 −4 0

−1 −1 6 0 0 −4

−4 0 0 32 16 16

0 −4 0 16 32 16

0 0 −4 16 16 32





















3.4 ����
	��LMR(�%NO"#�$,
K&'�,

K&'���K���� (
%�

)
��! ���6R"M8Z

.
9���R&'��,��%����8S.

#1"$���%�
&'����\9��.\.]^
�M�%� (&'�������)
	=R+,.\?

, f�
&'��	�4=R+,.\
.�9	
,$ i ��%��;6\����A�R$ i ��%��;6\	
���� fi

	FZ9��.\. (B!��S�,�	
	
�(,
��	
	
�?) $���%�
��"#�	, f0 = 3

	&\
. �%��	
�R�"DBG#=?�������\.

������R
N �;Z.99	

,$ i
%��;6\�<%��� cum[i]

R����	�.\
.

cum[0] = 0, cum[i] =
i−1
∑

n=0

fn (i ≤ 1).
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�"M
,�%�	� u, v, p (

#1"
p

&'���4�R��# N

�_`abR��\
.$ i ��%�	� u

�=?9�_`ab�$ cum[i]
2N�

, v
�=?

cum[i] + 1
2N�

,

p
�=?

cum[i] + 2
2N�,-.\

.
9�_`ab�.\>S>�/0�R12.\.

Âe

R
N
���"#)*R A∗

e �.\. ��%��� (

���#

,&'�;6\%� P0! 
P5

�9�) ���%����,-�6R��� Âe

�K2NR
A∗

e

�,-5G\
.�"M

,�&'�L8M�"DBG#)*R A �.\. ��)*�_`ab�����"M�&'�L8M�R�\�,
���[S�R�\

. (����6)











u∗T (νρAu − Bp − ρDf) = 0

v∗T (νρAv − Cp − ρDg) = 0,

p∗T (−BTu − CTv) = 0.#1"
,
K
��L8M
 A

�&	\
.5 �

, u∗T ,v∗T ,p∗T
����[',

���-./0�R�\.











νρAu −Bp − ρDf = 0,

νρAv − Cp− ρDg = 0,

−BTu − CTv = 0.90

, u,v,p

�>S>�/0�	&',
PQ*+R��"M90RY67

Stokes
/0���=YR�\

.
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4 ��Navier-Stokes���
4.1 ����		�
�34%5 (u · ∆)u

��%��L8M��\
.

(u · ∆)u =
(

u
∂

∂x
+ v

∂

∂y

)

u = (uux + vuy , uvx + vvy)
T .$>2N�L8M u∗

R�6M
Ω E	<N.\�

∫∫

Ω

u∗(uux + vuy) dx dy =

∫∫

Ω

u∗uux dx dy +

∫∫

Ω

u∗vuy dx dy.$?2N�L8M v∗
R�6M

Ω E	<N.\�
∫∫

Ω

v∗(uvx + vvy) dx dy =

∫∫

Ω

v∗uvx dx dy +

∫∫

Ω

v∗vvy dx dy.9��R
u, v, u∗, v∗

�-.� û, v̂, û∗, v̂∗

û =
5
∑

i=0

uiφi(x, y), û∗ =
5
∑

i=0

u∗iφi(x, y),

v̂ =

5
∑

i=0

viφi(x, y), v̂∗ =

5
∑

i=0

v∗i φi(x, y).R)8M !�.\.���
�R�.\.

κx
ijk :=

∫∫

e

φiφj

∂φk

∂x
dx dy, κy

ijk :=

∫∫

e

φiφj

∂φk

∂y
dx dy,

Sx1
ij :=

5
∑

k=0

κx
ikjuk, Sx2

ij :=

5
∑

k=0

κx
ijkuk,

Sy1

ij :=

5
∑

k=0

κy
ikjuk, Sy2

ij :=

5
∑

k=0

κy
ijkuk,

T x1
ij :=

5
∑

k=0

κx
ikjvk, T x2

ij :=
5
∑

k=0

κx
ijkvk,

T y1

ij :=
5
∑

k=0

κy
ikjvk, T y2

ij :=
5
∑

k=0

κy
ijkvk,

Ŝx1
e := [Sx1

ij ] , Ŝx2
e := [Sx2

ij ] , Ŝy1
e := [Sy1

ij ] , Ŝy2
e := [Sy2

ij ],

T̂ x1
e := [T x1

ij ] , T̂ x2
e := [T x2

ij ] , T̂ y1
e := [T y1

ij ] , T̂ y2
e := [T y2

ij ].

k
R��"M

,
)*

κx
ijk, κ

y
ijk

R;��+,.\.
+,�


Mathematica
R)8#

.
)*R��\TUVWX
 (6)

%R���9�.BT
, κx

ijk

R��\.
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κx
ij0 =

α0S

1260





















78 −9 −9 12 48 48

−9 −18 11 −16 −20 −32

−9 11 −18 −16 −32 −20

12 −16 −16 −96 16 16

48 −20 −32 16 160 80

48 −32 −20 16 80 160





















κx
ij1 =

α1S

1260





















−18 −9 11 −20 −16 −32

−9 78 −9 48 12 48

11 −9 −18 −32 −16 −20

−20 48 −32 160 16 80

−16 12 −16 16 −96 16

−32 48 −20 80 16 160





















κx
ij2 =

α2S

1260





















−18 11 −9 −20 −32 −16

11 −18 −9 −32 −20 −16

−9 −9 78 48 48 12

−20 −32 48 160 80 16

−32 −20 48 80 160 16

−16 −16 12 16 16 −96





















κx
ij3 =

α1S

1260





















24 4 −16 −48 −32 −16

4 24 −16 −32 −48 −16

−16 −16 120 48 48 −16

−48 −32 48 384 192 128

−32 −48 48 192 384 128

−16 −16 −16 128 128 128





















+
α2S

1260





















24 −16 4 −48 −16 −32

−16 120 −16 48 −16 48

4 −16 24 −32 −16 −48

−48 48 −32 384 128 192

−16 −16 −16 128 128 128

−32 48 −48 192 128 384





















κx
ij4 =

α0S

1260





















24 4 −16 −48 −32 −16

4 24 −16 −32 −48 −16

−16 −16 120 48 48 −16

−48 −32 48 384 192 128

−32 −48 48 192 384 128

−16 −16 −16 128 128 128





















+
α2S

1260





















120 −16 −16 −16 48 48

−16 24 4 −16 −48 −32

−16 4 24 −16 −32 −48

−16 −16 −16 128 128 128

48 −48 −32 128 384 192

48 −32 −48 128 192 384





















κx
ij5 =

α0S

1260





















24 −16 4 −48 −16 −32

−16 120 −16 48 −16 48

4 −16 24 −32 −16 −48

−48 48 −32 384 128 192

−16 −16 −16 128 128 128

−32 48 −48 192 128 384





















+
α1S

1260





















120 −16 −16 −16 48 48

−16 24 4 −16 −48 −32

−16 4 24 −16 −32 −48

−16 −16 −16 128 128 128

48 −48 −32 128 384 192

48 −32 −48 128 192 384
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)*
κy

ijk

�L8M

,
)*

κx
ijk

�(�
αi

R
βi (i = 0, 1, 2) ��$��07�B\.BT

,$>2N�$>5�L8M !�"#�R��\.

∑

e

∫∫

e

û∗ûûx dx dy =
∑

e

∫∫

e

5
∑

i=0

u∗iφi

5
∑

j=0

ujφj

5
∑

k=0

uk

∂φk

∂x
dx dy

=
∑

e

{

5
∑

i,j,k=0

u∗i

(

∫∫

e

φiφj

∂φk

∂x
dx dy

)

ujuk

}

=
∑

e

{

5
∑

i,j,k=0

u∗iκ
x
ijk ujuk}

=
∑

e

{

5
∑

i=0

u∗i

5
∑

j=0

(

5
∑

k=0

κx
ijk uk)uj}

=
∑

e

{
5
∑

i=0

u∗i

5
∑

j=0

Sx2
ij uj}

=
∑

e

û∗T
e Ŝx2

e ûe.$>2N�$?5�L8M����,

∑

e

∫∫

e

û∗v̂ûy dx dy =
∑

e

∫∫

e

5
∑

i=0

u∗iφi

5
∑

j=0

vjφj

5
∑

k=0

uk

∂φk

∂y
dx dy

=
∑

e

{

5
∑

i,j,k=0

u∗i

(

∫∫

e

φiφj

∂φk

∂y
dx dy

)

vjuk

}

=
∑

e

{
5
∑

i=0

u∗i

5
∑

j=0

(
5
∑

k=0

κy
ijk uk)vj}

=
∑

e

{
5
∑

i=0

u∗i

5
∑

j=0

Sy2

ij vj}

=
∑

e

û∗T
e Ŝy2

e v̂e.
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$?2N�$>5�L8M����,

∑

e

∫∫

e

v̂∗ûv̂x dx dy =
∑

e

∫∫

e

5
∑

i=0

v∗i φi

5
∑

j=0

ujφj

5
∑

k=0

vk

∂φk

∂x
dx dy

=
∑

e

{

5
∑

i,j,k=0

v∗i

(

∫∫

e

φiφj

∂φk

∂x
dx dy

)

ujvk

}

=
∑

e

{
5
∑

i=0

v∗i

5
∑

j=0

(
5
∑

k=0

κx
ijk vk)uj}

=
∑

e

{
5
∑

i=0

v∗i

5
∑

j=0

T x2
ij uj}

=
∑

e

v̂∗T
e T̂ x2

e ûe.$?2N�$?5�L8M����,

∑

e

∫∫

e

v̂∗v̂v̂y dx dy =
∑

e

∫∫

e

5
∑

i=0

v∗i φi

5
∑

j=0

vjφj

5
∑

k=0

vk

∂φk

∂y
dx dy

=
∑

e

{

5
∑

i,j,k=0

v∗i

(

∫∫

e

φiφj

∂φk

∂y
dx dy

)

vjvk

}

=
∑

e

{

5
∑

i=0

v∗i

5
∑

j=0

(

5
∑

k=0

κy
ijk vk)vj}

=
∑

e

{
5
∑

i=0

v∗i

5
∑

j=0

T y2

ij vj}

=
∑

e

v̂∗T
e T̂ y2

e v̂e.90['
Navier-Stokes

/0�R !�"#�$��%�
,































∑

e

û∗
T

e

{

νρÂeûe − B̂ep̂e − ρD̂ef̂e + (Ŝx2
e ûe + Ŝy2

e v̂e)
}

= 0,

∑

e

v̂∗
T

e

{

νρÂev̂e − Ĉep̂e − ρD̂eĝe + (T̂ x2
e ûe + T̂ y2

e v̂e)
}

= 0,

∑

e

p̂∗
T

e

{

−B̂e

T
ûe − Ĉe

T
v̂e

}

= 0.

Ŝx1
e , Ŝx2

e , Ŝy1
e , Ŝ

y2
e , T̂

x1
e , T̂ x2

e , T̂ y1
e , T̂ y2

e

R�"M�&'�L8M�R�V#)*R
Sx1, Sx2, Sy1, Sy2, T x1, T x2, T y1, T y2 �.\..\�,����6�['���[S-./0�?� 0\.











νρAu −Bp − ρDf + ρ(Sx2u + Sy2v) = 0,

νρAv − Cp− ρDg + ρ(T x2u + T y2v) = 0,

−BT u − CTv = 0.
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4.2 Newton�-./0��34%5 Ŝx2
e ûe , Ŝ

y2
e v̂e , T̂

x2
e ûe , T̂

y2
e v̂e

�;8M
, ui , vi

�
ui+∆ui , vi+∆viR��.\

.

∆ûe = [∆ui] , ∆v̂e = [∆vi]�;Z.B#
, ∆ûe , ∆v̂e

�?��5
�'�M\9��.\.

Ŝx2
e ûe

∣

∣

∣

ûe=ûe+∆ûe

=

5
∑

i=0

u∗i

5
∑

j=0

(

5
∑

k=0

κx
ijk(uk − ∆uk)

)

(uj − ∆uj)

=
5
∑

i=0

u∗i

{

5
∑

j=0

(
5
∑

k=0

κx
ijkuk)uj −

5
∑

j=0

(
5
∑

k=0

κx
ijkuk)∆uj

−
5
∑

j=0

(
5
∑

k=0

κx
ijk∆uk)uj +

5
∑

j=0

(
5
∑

k=0

κx
ijk∆uk)∆uj

}

=

5
∑

i=0

u∗i

{

5
∑

j=0

(

5
∑

k=0

κx
ijkuk)uj −

5
∑

j=0

(

5
∑

k=0

κx
ijkuk)∆uj −

5
∑

k=0

(

5
∑

j=0

κx
ijk uj)∆uk

}

=
5
∑

i=0

u∗i

{

5
∑

j=0

Sx2
ij uj −

5
∑

j=0

Sx2
ij ∆uj −

5
∑

k=0

Sx1
ik ∆uk

}

=
5
∑

i=0

u∗i

5
∑

j=0

{Sx2
ij uj − Sx2

ij ∆uj − Sx1
ij ∆uj}

= û∗T
e Ŝx2

e ûe − û∗T
e Ŝx2

e ∆ûe − û∗T
e Ŝx1

e ∆ûe.
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Ŝy2
e v̂e

∣

∣

∣

ûe=ûe+∆ûe , v̂e=v̂e+∆v̂e

=
5
∑

i=0

u∗i

5
∑

j=0

(

5
∑

k=0

κy
ijk(uk − ∆uk)

)

(vj − ∆vj)

=
5
∑

i=0

u∗i

{

5
∑

j=0

(
5
∑

k=0

κy
ijkuk)vj −

5
∑

j=0

(
5
∑

k=0

κy
ijkuk)∆vj

−

5
∑

j=0

(

5
∑

k=0

κy
ijk∆uk)vj +

5
∑

j=0

(

5
∑

k=0

κy
ijk∆uk)∆vj

}

=
5
∑

i=0

u∗i

{

5
∑

j=0

(
5
∑

k=0

κy
ijkuk)vj −

5
∑

j=0

(
5
∑

k=0

κy
ijkuk)∆vj −

5
∑

k=0

(
5
∑

j=0

κy
ijk vj)∆uk

}

=
5
∑

i=0

u∗i

{

5
∑

j=0

Sy2

ij vj −
5
∑

j=0

Sy2

ij ∆vj −
5
∑

k=0

T y1

ik ∆uk

}

=

5
∑

i=0

u∗i

5
∑

j=0

{Sy2

ij vj − Sy2

ij ∆vj − T y1

ij ∆uj}

= û∗T
e Ŝy2

e v̂e − û∗T
e Ŝy2

e ∆v̂e − û∗T
e T̂ y1

e ∆ûe.

T̂ x2
e ûe

∣

∣

∣

ûe=ûe+∆ûe , v̂e=v̂e+∆v̂e

=
5
∑

i=0

v∗i

5
∑

j=0

(

5
∑

k=0

κx
ijk(vk − ∆vk)

)

(uj − ∆uj)

=

5
∑

i=0

v∗i

{

5
∑

j=0

(

5
∑

k=0

κx
ijkvk)uj −

5
∑

j=0

(

5
∑

k=0

κx
ijkvk)∆uj

−

5
∑

j=0

(

5
∑

k=0

κx
ijk∆vk)uj +

5
∑

j=0

(

5
∑

k=0

κx
ijk∆vk)∆uj

}

=
5
∑

i=0

v∗i

{

5
∑

j=0

(
5
∑

k=0

κx
ijkvk)uj −

5
∑

j=0

(
5
∑

k=0

κx
ijkvk)∆uj −

5
∑

k=0

(
5
∑

j=0

κx
ijk uj)∆vk

}

=

5
∑

i=0

v∗i

{

5
∑

j=0

T x2
ij uj −

5
∑

j=0

T x2
ij ∆uj −

5
∑

k=0

Sx1
ik ∆vk

}

=

5
∑

i=0

v∗i

5
∑

j=0

{T x2
ij uj − T x2

ij ∆uj − Sx1
ij ∆vj}

= v̂∗T
e T̂ x2

e ûe − v̂∗T
e T̂ x2

e ∆ûe − v̂∗T
e Ŝx1

e ∆v̂e.
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T̂ y2
e v̂e

∣

∣

∣

v̂e=v̂e+∆v̂e

=

5
∑

i=0

v∗i

5
∑

j=0

(

5
∑

k=0

κy
ijk(vk − ∆vk)

)

(vj − ∆vj)

=

5
∑

i=0

v∗i

{

5
∑

j=0

(

5
∑

k=0

κy
ijkvk)vj −

5
∑

j=0

(

5
∑

k=0

κy
ijkvk)∆vj

−
5
∑

j=0

(
5
∑

k=0

κy
ijk∆vk)vj +

5
∑

j=0

(
5
∑

k=0

κy
ijk∆vk)∆vj

}

=
5
∑

i=0

v∗i

{

5
∑

j=0

(
5
∑

k=0

κy
ijkvk)vj −

5
∑

j=0

(
5
∑

k=0

κy
ijkvk)∆vj −

5
∑

k=0

(
5
∑

j=0

κy
ijk vj)∆vk

}

=

5
∑

i=0

v∗i

{

5
∑

j=0

T y2

ij vj −

5
∑

j=0

T y2

ij ∆vj −

5
∑

k=0

T y1

ik ∆vk

}

=
5
∑

i=0

v∗i

5
∑

j=0

{T y2

ij vj − T y2

ij ∆vj − T y1

ij ∆vj}

= v̂∗T
e T̂ y2

e v̂e − v̂∗T
e T̂ y2

e ∆v̂e − v̂∗T
e T̂ y1

e ∆v̂e.��
Navier-Stokes

/0��,.\-./0�
,










νρAu −Bp − ρDf + ρ(Sx2u + Sy2v) = 0,

νρAv − Cp− ρDg + ρ(T x2u + T y2v) = 0,

−BT u − CTv = 0.9�-./0�RYZ9�?	$07, Navier-Stokes
/0���=YR� 0\

.
"!"

,34%	&\�	Stokes
/0����>S>�/0����	$8.

�9	
, Stokes

/0���=YR��=�"MNewton6R)8\9�	Navier-Stokes
/0���=YR��\.

Stokes
/0���=YR

(u0,v0,p0) �.\.

u1 = u0 − ∆u0,

v1 = v0 − ∆v0,

p1 = p0 − ∆p0,�;$, (u1,v1,p1)
R-./0�� (u,v,p)

���.\
.#1"

, ∆u0,∆v0,∆p0
�?��5
�'�M\.



























νρA(u0 − ∆u0) −B(p0 − ∆p0) − ρDf

+ρ(Sx2u0 − Sx2∆u0 − Sx1∆u0) + ρ(Sy2v0 − Sy2∆v0 − T y1∆u0) = 0,

νρA(v0 − ∆v0) − C(p0 − ∆p0) − ρDg

+ρ(T x2u0 − T x2∆u0 − Sx1∆v0) + ρ(T y2v0 − T y2∆v0 − T y1∆v0) = 0,

−(BT u0 − BT ∆u0) − (CTv0 − CT ∆v0) = 0.90R
∆u0,∆v0,∆p0

�L8M�3.\
.
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ρSy2∆v0 −B∆p0

+ρ(νA + Sx1 + Sx2 + T y1)∆u0 = ρ(νA + Sx2)u0 + ρSy2v0 −Bp0 − ρDf,

ρT x2∆u0 − C∆p0

+ρ(νA+ Sx1 + T y1 + T y2)∆v0 = ρT x2u0 + ρ(νA + T y2)v0 − Cp0 − ρDg,

−BT ∆u0 − CT ∆v0 = −BT u0 − CTv0.E��
 (∆u0,∆v0,∆p0)
�.\>SH�/0��VM8\. u0,v0,p0


��	&\�	��
��%	&\
.[VM

,
90RYZ9�	 (∆u0,∆v0,∆p0)

?�B'
, $>���T�-.= (u1,v1,p1)R�\

.$>���T�-.= (u1,v1,p1)
�,"

u2 = u1 − ∆u1,

v2 = v1 − ∆v1,

p2 = p1 − ∆p1,�;$,-./0����.07,
���"M

(∆u1,∆v1,∆p1)
?�B\�	

,$?���T��-.= (u2,v2,p2)
R�\

.
�E�1�R�'�.9��[',

['��Y�-8-.=?+,	$\
. (Newton6)���-.=,
.BC

Stokes
/0��Y['�2"M

,
��Q�
	
�����V#�	�R�C�'

,
����-.=RNavier-Stokes

/0���=Y�.\.[VM
Navier-Stokes

/0���=YR��\9�?	$#�	,
�%	
���R��M�=;<R)S.
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5
����

5.1 ��	����
Navier-Stokes��	











−△u + (u · ∇)u + ∇p = 0 in Ω,

−div u = 0 in Ω,

u = b on ∂Ω.
�����
. ( ν = ρ = 1, f = 0 ���)��

Ω ��������������.

Ω = {x ∈ R
2; a < |x| < 1}.� � a ! 0 < a < 1 �"��#$%&�. '�, Γ1 , Γ2 �(���
)*�,

Γ1 = {x ∈ R
2; |x| = a},

Γ2 = {x ∈ R
2; |x| = 1},+,

∂Ω ! ∂Ω = Γ1 ∪ Γ2 ���.'�+,-, b(x, y) !Gauss
�./#0
∫∫

Ω

div u dx dy =

∫

∂Ω

b · n dS,
�1
,23

2
∑

i=1

∫

Γi

b · n dS = 0.�"�4�567�8��. 9�23�9��:;<=23���.>
i (i = 1, 2)


��
∫

Γi

b · n dS = 0�"���87,:;<=23�"��. 9��?!Navier-Stokes��	�@�ABC@DE
F46��
. (H.Fujita , O.A.Ladyzhenskaya)�G�, 9�23CHIJK,:;<=23�"CHI��LM!,

@C:;E
&�GN�G!O86���. P9%,
+,-CQR�LMST1
��$-UV�W�.

5.1.1 XYZ�[
Navier-Stokes��	���!\�T1%,

+,-�(���
��.

b =
µ

Ri

er +Riωieθ on Γi ( µ 6= 0 , i = 1, 2),� �, er, eθ !]^�_, `a�_�bcdefg, µ , ω1 , ω2 !h�86�#$,

R1 = a , R2 = 1 ���.
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9��?��������@ u0

CAB��9�CO86��. (H.Morimoto[7])

u0 =
µ

r
er + b(µ, r)eθ.99%, r !>����G8���%, b(µ, r) !µ

�-
�������
���.

(1) µ 6= −2ν
��?,

b(µ, r) =
c1
r

+ c2r
1+

µ

ν ,

c1 =
ω1a

2 − ω2a
2+

µ

ν

1 − a2+
µ

ν

, c2 =
ω2 − ω1a

2

1 − a2+
µ

ν

.

(2) µ = −2ν
��?,

b(µ, r) =
1

r
(c1 + c2 log r),

c1 = ω2 , c2 =
ω1a

2 − ω2

log a
.'�, 9���
�� b !:;<=23�"�"��.�	�8

,
_?bc��defg n
C

n =

{

−er on Γ1

er on Γ2��%
,

∫

Γ1

b · n dS =

∫

Γ1

(µ

a
er + aωieθ

)

· (−er) dS

= −

∫

Γ1

µ

a
dS = −

∫ 2π

0

µ

a
a dθ

= −2πµ,

∫

Γ2

b · n dS =

∫

Γ2

(µer + ωieθ) · er dS

=

∫

Γ2

µ dS =

∫ 2π

0

µ dθ

= 2πµ.��, µ 6= 0
�87

,:;<=23�"�"��.UV��!, a = 0.5 ��#�, ����� µ, ω1, ω2 �]G����. 9��?,$-@�����������
, �����
)5�����$�,
$-@���@��� �!"�#F�"�.
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5.1.2 XYZ����!,
UV%���+,-
�]

ϕi(θ) , ψi(θ) ����LM����.

b =
( µ

Ri

+ ϕi(θ)
)

er + (Riωi + ψi(θ))eθ on Γi (i = 1, 2),� �, ϕi(θ) , ψi(θ) !�� 2π
��8G�!$%

,
���23�"��.

∫ 2π

0

ϕi(θ)dθ = 0 ,

∫ 2π

0

ψi(θ)dθ = 0�]����LM�, ��
 µ 6= 0
�87:;<=23�"�"��.9��?, ν, a, ω1, ω2

C���23
|ω1 − ω2|

a2

1 − a2
(log a)2 < 2ν�"����LM,

&�(	
��M
M
CAB�, �� µ ∈ R \ M


��,

ϕi , ψi (i = 1, 2)
C���4��87

Navier-Stokes��	�@CAB��9�CF46��
. (H.Morimoto and S.Ukai[8])UVS��!,

a = 0.5 , (ϕi(θ), ψi(θ)) = (ARi cos θ, BRi sin θ) (i = 1, 2 , A �B !��U$)��#����. 9��?,����� µ, ω1, ω2, A,B �]G��LM�$-@�AB�������. '�,23	� ω1, ω2


���0���
|ω1 − ω2| <

6

(log 2)2
; 12.488����%, 9�	�"�����"�4������
�����.

5.2
Z���

5.2.1 XYZ�[���
b =

µ

Ri

er +Riωieθ on Γi (i = 1, 2),+,-
b
C\���?,

[case 1-1] µ = ω1 = ω2 = 1

[case 1-2] µ = 10 , ω1 = ω2 = 1

[case 1-3] µ = 1 , ω1 = 3 , ω2 = 7

[case 1-4] µ = 1 , ω1 = −10 , ω2 = 10����LM
��
,
<��defgL����,

����@�$-@�� �,
����$��!"
��#F�"�.� �,

<�
��! !�*���"
#4� d $
���,
�%
��!&'C�G���
(��5�. ($) d !>*�+
,� ,

�%�&'!- < . < / < 01 <2
,
U�

<
�� ���.)
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[case 1-1] (µ = ω1 = ω2 = 1)
���

#
1:
$-@�<�

(d = 0.05)
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#
2:
$-@����

0.001

0.01

0.1

100 1000 10000

"z.data"

0.001

0.01

0.1

100 1000 10000

"z.data"

#
3:
����$

(��) �� (��) ����$*�+\
���f
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[case 1-2] (µ = 10 , ω1 = ω2 = 1)
���

#
4:
$-@�<�

(d = 0.005)
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#
5:
$-@����

0.01

0.1

1

100 1000 10000

"z.data"

#
6:
����$

(��) �� (��) ����$*�+\
���f
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[case 1-3] (µ = 1 , ω1 = 3 , ω2 = 7)
���

#
7:
$-@�<�

(d = 0.03)
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#
8:
$-@����

0.01

0.1

1

100 1000 10000

"z.data"

#
9:
����$

(��) �� (��) ����$*�+\
���f
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[case 1-4] (µ = 1 , ω1 = −10 , ω2 = 10)
���

#
10:
$-@�<�

(d = 0.02)
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#
11:
$-@����

0.01

0.1

1

100 1000 10000

"z.data"

#
12:
����$

(��) �� (��)����$*�+\
���f
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5.3 XYZ�����
b =

( µ

Ri

+ ARi cos θ
)

er

+(Riωi +BRi sin θ)eθ on Γi (i = 1, 2),+,-
b
C\���?,

[case 2-1] µ = ω1 = ω2 = 1

[case 2-2] µ = 10 , ω1 = ω2 = 1

[case 2-3] µ = 1 , ω1 = 3 , ω2 = 7

[case 2-4] µ = 1 , ω1 = −10 , ω2 = 10����LM
��
,
�]�"$

A,B � A = B = 0.01 , 0.1 , 1 , 10 ����?�<��defgL���������.9��?, [case 1-1] , [case 1-2] , [case 1-3] !@�AB23�"����C, [case 1-4] !23�"�����.'�UV���
,
<�
��! !�*���"
#4� d $
���,

�%
��!&'C�G���
(��5�.
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[case 2-1] ���� A = B = 0.01
���

#
13:
<�

(d = 0.05)

, #
14:
���
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[case 2-1] ���� A = B = 0.1
���

#
15:
<�

(d = 0.05)

, #
16:
���
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[case 2-1] ���� A = B = 1
���

#
17:
<�

(d = 0.05)

, #
18:
���
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[case 2-1] ���� A = B = 10
���

#
19:
<�

(d = 0.008)

, #
20:
���

44



[case 2-2] ���� A = B = 0.01
���

#
21:
<�

(d = 0.005)

, #
22:
���
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[case 2-2] ���� A = B = 0.1
���

#
23:
<�

(d = 0.005)

, #
24:
���

46



[case 2-2] ���� A = B = 1
���

#
25:
<�

(d = 0.005)

, #
26:
���

47



[case 2-2] ���� A = B = 10
���

#
27:
<�

(d = 0.005)

, #
28:
���

48



[case 2-3] ���� A = B = 0.01
���

#
29:
<�

(d = 0.03)

, #
30:
���

49



[case 2-3] ���� A = B = 0.1
���

#
31:
<�

(d = 0.03)

, #
32:
���
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[case 2-3] ���� A = B = 1
���

#
33:
<�

(d = 0.02)

, #
34:
���
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[case 2-3] ���� A = B = 10
���

#
35:
<�

(d = 0.007)

, #
36:
���

52



[case 2-4] ���� A = B = 0.01
���

#
37:
<�

(d = 0.02)

, #
38:
���
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[case 2-4] ���� A = B = 0.1
���

#
39:
<�

(d = 0.02)

, #
40:
���
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[case 2-4] ���� A = B = 1
���

#
41:
<�

(d = 0.02)

, #
42:
���
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[case 2-4] ���� A = B = 10
���

#
43:
<�

(d = 0.008)

, #
44:
���
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5.4
������UV
��

,
N�LM%���@�$-@�� �,

����$��$*�+\
���f������
�����. P��?C�� 	 
S%&�9�G8,
����$C�?*���� ! 	 
S�����%���*.

����
,
����^

h
C�4*���,

� ! h2
�����%���*����.UVS
��
,
N�LM%�$-@CAB����%,

@�AB23�"�4���9�%�@CAB�����%?�. '�,:���%�]C�?��9�%<6C�'��C����1, ����
������%C��
�G6���C.���1��0�� �!�9�C%?�.

6 "#$%&'()*+,-.%!,
$-/��W��"
01����*�2�34��.

[1]
�����+,-5H�W���*�2 annurus.c

[2] Stokes��	�@*��*�2 stokes-fukushima.c

[3]
W6

κx
ijk, κ

y
ijk

�/���*�2(Mathematica

��

)

[4] Navier-Stokes��	�@*��*�2 navier3-fukushima.c

[5]
<��defgL��*��*�2 fluid3.c

[6]
�����*��*�2 contour.c

[3]!75,8���*�2!9:;<=>���*�2C	
���, P6�?@ABCDECFG����48
FG��.

6.1 HIJK�LMYNOPQRSTUVW
1 /*

2 * annulus.c --- XYZ[\ N-S ]̂ _`abcdefg]hij
3 * kl File/file.c (mnohp,qrstuv)
4 * wxy, z{|,}~]�a`���befg
5 * ���cd\�i��yuv ����
6 *

7 *
`���������b��]̂ _`ab

file.data ]hiyl
8 *

9 * ccmg annulus.c

10 * ./annulus file.data

11 * (�, �� 1 1
y��

)

12 * (func forc = 0 0
y��

)

13 *

14 * init()
b

factor ] 4
y��

2.477431e-03

15 * 2 3.549791e-02

16 * 1 4.686050e-01

17 */

18

19 #include <math.h>

20 #include <stdio.h>

21 #include "matutil.h"

22

23 int M; /* M 5 */ /* ~� ¡bz{ */
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24 int N; /* N 24 */ /* �� ¡bz{ */

25 int U; /* 432 */ /* ��b��b| ���� (�	
 �) */

26 int P; /* 120 */ /* �db��b| �	�� */

27 int T; /* 192 */ /* ���b| ���� (
	
 �

) */

28 int SIZE; /* 984 */ /* ��|b|������ (�	
 �) */

29

30 int M1; /* 4 */ /*
	
 �

*/

31 int N2; /* 48 */ /* �� */

32 int N4; /* 96 */ /*
��

*/

33 int N9; /* 216 */ /* �� */

34 int U2; /* 864 */ /* �� */

35

36 double R1; /* 2.0 */ /* ��b��b� */

37 double R2; /* 5.0 */ /* ��b��b� */

38 double R; /* 5.3 */ /* � � �� �  fspase(-R,-R,R,R) */

39

40 void init()

41 {

42 printf("M ~� ¡bz{|bcd\n");
43 scanf("%d", &M);

44 printf("N �� ¡bz{|bcd\n");
45 scanf("%d", &N);

46 printf("R1 ��bXb��\n");

47 scanf("%lf", &R1);

48 U=2*N*(2*M-1); P = M * N; T = 2 * N * (M - 1);

49 SIZE = N*(9*M-4);

50 M1 = M - 1; N2 = 2 * N; N4 = 4 * N; N9 = 9 * N; U2 = 2 * U;

51 R2 = 1.0; R = R2 * (1.3/1);

52 printf("M=%d, N=%d,
��b!|

=%d, ��|b!|=%d\n", M, N, U, SIZE);

53 }

54

55 #define C 3

56 /*

57 * "���x���\#$_z{
58 * "���x���\#$_z{
59 * %&��x�'()yz{*i
60 */

61

62 void number_p(int k, int z[3])

63 {

64 int h;

65 h = k / N2;

66

67 if (k % N2 < N) {

68 z[0] = k - h * N;

69 if (k % N == N - 1)

70 z[2] = k - (h * N + N - 1);

71 else

72 z[2] = k - h * N + 1;

73 z[1] = k - (h - 1) * N;

74 } else {

75 if (k % N == N - 1) {

76 z[0] = k - (h + 2) * N + 1;

77 z[2] = k - (h + 1) * N + 1;

78 } else {

79 z[0] = k - (h + 1) * N + 1;

80 z[2] = k - h * N + 1;

81 }
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82 z[1] = k - h * N;

83 }

84 }

85

86 void number_u(int i, int z[6])

87 {

88 int j, r, s;

89

90 s = i % N2;

91

92 if (s < N) {

93 r = i / N2;

94 j = N4 * r + 2 * s;

95

96 z[0] = j;

97 z[1] = j + N4;

98 if (s == N - 1)

99 z[2] = j + 2 - N2;

100 else

101 z[2] = j + 2;

102 z[3] = j + N2 + 1;

103 z[4] = j + 1;

104 z[5] = z[3] - 1;

105 } else {

106 r = i / N2;

107 s = s - N;

108 j = N4 * r + 2 * s;

109

110 z[1] = j + N4;

111 z[3] = z[1] + 1;

112 z[5] = j + N2 + 1;

113

114 if (s == N - 1) {

115 z[0] = j + 2 - N2;

116 z[2] = j + N2 + 2;

117 z[4] = j + 2;

118 } else {

119 z[0] = j + 2;

120 z[2] = z[1] + 2;

121 z[4] = z[5] + 1;

122 }

123 }

124 }

125

126 double cal_r(int n, double r)

127 {

128 if (n == 1) {

129 return (r - R1) * (r - R1) / (R2 - R1) + R1;

130 } else if (n == 2) {

131 return sqrt((r - R1) * (R2 - R1)) + R1;

132 } else

133 return r;

134 }

135

136 double cal_x(int k)

137 {

138 int i, j;

139 double Pi, r, theta, dx;
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140

141 dx = 0.0;

142 Pi = 4.0 * atan(1.0);

143

144 i = k / N;

145 j = k % N;

146

147 r = (R2 - R1) * i / M1 + R1;

148 theta = 2 * Pi * j / N;

149

150 /* return cal_r(C,r)*cos(theta) + (R2 - r)/(R2 - R1)*dx;*/

151 return cal_r(C, r) * cos(theta) + (R2 - cal_r(C, r)) / (R2 - R1) * dx;

152 }

153

154 double cal_y(int k)

155 {

156 int i, j;

157 double Pi, r, theta;

158

159 Pi = 4.0 * atan(1.0);

160

161 i = k / N;

162 j = k % N;

163

164 r = (R2 - R1) * i / M1 + R1;

165 theta = 2 * Pi * j / N;

166

167 return cal_r(C, r) * sin(theta);

168 }

169

170 double b1u(int func, double theta, double R1,

171 double mu, double omega1, double A , double B)

172 {

173 double Pi, b1, ur, ut;

174

175 Pi = 4.0 * atan(1.0);

176 b1 = 0.0;

177

178 if (func == 0) {

179 ur = mu / R1;

180 ut = b1;

181 }

182 else if (func == 1) {

183 if (theta <= Pi / 2.0)

184 ur = 2 * sin(2 * theta) / R1;

185 else

186 ur = 0.0;

187

188 ut = 0.0;

189 }

190 else if (func == 2) {

191 if (theta <= Pi / 2.0)

192 ur = 4.0 / R1;

193 else if (Pi <= theta && theta <= 1.5 * Pi)

194 ur = -2.0 / R1;

195 else

196 ur = 0.0;

197
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198 ut = 0.0;

199 }

200

201 else if(func == 3){

202 ur = mu / R1 + A * R1 * cos(theta);

203 ut = R1 * omega1 + B * R1 * sin(theta);

204 }

205

206 else {

207 fprintf(stderr, "b1u: func is out of range.\n");

208 exit(-1);

209 }

210 return ur * cos(theta) - ut * sin(theta);

211 }

212

213 double b2u(int func, double theta, double R2,

214 double mu, double omega2, double A, double B)

215 {

216 double Pi, b2, ur, ut;

217

218 Pi = 4.0 * atan(1.0);

219 b2 = 1.0;

220

221 if (func == 0) {

222 ur = mu / R2;

223 ut = b2;

224 }

225 else if (func == 1) {

226 if ((theta >= Pi) && (theta <= 1.5 * Pi))

227 ur = 2 * sin(2 * theta) / R2;

228 else

229 ur = 0.0;

230

231 ut = 0.0;

232 }

233 else if (func == 2) {

234 if ((theta >= 0.5 * Pi) && (theta <= Pi))

235 ur = 2.0 / R2;

236 else

237 ur = 0.0;

238

239 ut = 0.0;

240 }

241

242 else if(func == 3){

243 ur = mu / R2 + A * R2 * cos(theta);

244 ut = R2 * omega2 + B * R2 * sin(theta);

245 }

246

247 else {

248 fprintf(stderr, "b2u: func is out of range.\n");

249 exit(-1);

250 }

251 return ur * cos(theta) - ut * sin(theta);

252 }

253

254 double b1v(int func, double theta, double R1,

255 double mu, double omega1,double A, double B)
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256 {

257 double Pi, b1, ur, ut;

258

259 Pi = 4.0 * atan(1.0);

260 b1 = 0.0;

261

262 if (func == 0) {

263 ur = mu / R1;

264 ut = b1;

265 }

266 else if (func == 1) {

267 if (theta <= Pi / 2.0)

268 ur = 2 * sin(2 * theta) / R1;

269 else

270 ur = 0.0;

271

272 ut = 0.0;

273 }

274 else if (func == 2) {

275 if (theta <= Pi / 2.0)

276 ur = 4.0 / R1;

277 else if (Pi <= theta && theta <= 1.5 * Pi)

278 ur = -2.0 / R1;

279 else

280 ur = 0.0;

281

282 ut = 0.0;

283 }

284

285 else if(func == 3){

286 ur = mu / R1 + A * R1 * cos(theta);

287 ut = R1 * omega1 + B * R1 * sin(theta);

288 }

289

290 else {

291 fprintf(stderr, "b1v: func is out of range.\n");

292 exit(-1);

293 }

294 return ur * sin(theta) + ut * cos(theta);

295 }

296

297 double b2v(int func, double theta, double R2,

298 double mu, double omega2, double A, double B)

299 {

300 double Pi, b2, ur, ut;

301

302 Pi = 4.0 * atan(1.0);

303 b2 = 1.0;

304

305 if (func == 0) {

306 ur = mu / R2;

307 ut = b2;

308 }

309 else if (func == 1) {

310 if ((theta >= Pi) && (theta <= 1.5 * Pi))

311 ur = 2 * sin(2 * theta) / R2;

312 else

313 ur = 0.0;
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314

315 ut = 0.0;

316 }

317 else if (func == 2) {

318 if ((theta >= 0.5 * Pi) && (theta <= Pi))

319 ur = 2.0 / R2;

320 else

321 ur = 0.0;

322

323 ut = 0.0;

324 }

325

326 else if(func == 3){

327 ur = mu / R2 + A * R2 * cos(theta);

328 ut = R2 * omega2 + B * R2 * sin(theta);

329 }

330

331 else {

332 fprintf(stderr, "b2v: func is out of range.\n");

333 exit(-1);

334 }

335 return ur * sin(theta) + ut * cos(theta);

336 }

337

338 void inver1(double *u, double *b, int j)

339 {

340 int i, p, q;

341

342 for (i = 0; i < N; i++) {

343 p = 5 * i + N9 * j;

344 q = 2 * i + N4 * j;

345 u[q] = b[p];

346 u[q + U] = b[p + 1];

347 u[i + N * j + U2] = b[p + 2];

348 u[q + 1] = b[p + 3];

349 u[q + 1 + U] = b[p + 4];

350 }

351 }

352

353 void inver2(double *u, double *b, int j)

354 {

355 int i, p, q;

356

357 for (i = 0; i < N2; i++) {

358 p = 2 * i + N9 * j + P;

359 q = i + N4 * j + N2;

360 u[q] = b[p];

361 u[q + U] = b[p + 1];

362 }

363 }

364

365 int main(int argc, char **argv)

366 {

367 FILE *f;

368 int i, j, k, zp[3], zu[6], func, forc;

369 double nu, rho, Pi, h, theta;

370 double *x, *y;

371 double mu, omega1, omega2, A, B;
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372

373 init();

374 x = malloc(sizeof(double) * U);

375 y = malloc(sizeof(double) * U);

376 if (argc != 2) {

377 printf("usage: %s <output file>\n", argv[0]);

378 exit(1);

379 }

380 if ((f = fopen(argv[1], "w")) == NULL) {

381 fprintf(stderr, "can’t open %s \n", argv[1]);

382 exit(1);

383 }

384

385 printf("�, ��");
386 scanf("%lf %lf", &nu, &rho);

387 printf("func forc = ");

388 scanf("%d %d", &func, &forc);

389

390 if(func == 3){

391 printf("
����

b
y���

mu ,omega1, omega2 ,A ,B
bcd]� �\n");

392 printf("mu = ");

393 scanf("%lf", &mu);

394 printf("��� omega1, omega2 = ");

395 scanf("%lf %lf", &omega1, &omega2);

396 printf("}~�| A, B = ");

397 scanf("%lf %lf", &A, &B);

398 }

399

400 fprintf(f, "%4d %4d \n", T, U);

401 fprintf(f, "\n");

402

403 for (i = 0; i < T; i++) {

404 number_p(i, zp);

405 number_u(i, zu);

406 for (j = 0; j < 3; j++) {

407 x[zu[j]] = cal_x(zp[j]);

408 y[zu[j]] = cal_y(zp[j]);

409 }

410 x[zu[3]] = 0.5 * (x[zu[1]] + x[zu[2]]);

411 y[zu[3]] = 0.5 * (y[zu[1]] + y[zu[2]]);

412 x[zu[4]] = 0.5 * (x[zu[0]] + x[zu[2]]);

413 y[zu[4]] = 0.5 * (y[zu[0]] + y[zu[2]]);

414 x[zu[5]] = 0.5 * (x[zu[0]] + x[zu[1]]);

415 y[zu[5]] = 0.5 * (y[zu[0]] + y[zu[1]]);

416 }

417

418 for (i = 0; i < U; i++) {

419 fprintf(f, "%25.20f %25.20f \n", x[i], y[i]);

420 }

421 fprintf(f, "\n");

422

423 for (i = 0; i < T; i++) {

424 number_u(i, zu);

425 for (j = 0; j < 6; j++) {

426 fprintf(f, " %4d ", zu[j]);

427 }

428 fprintf(f, "\n");

429 }
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430 fprintf(f, "\n");

431

432 k = 0;

433 for (i = 0; i < U; i++) {

434 fprintf(f, "%4d \n", k);

435 if (i % N4 < N2 && (i % 2) == 0)

436 j = 3;

437 else

438 j = 2;

439 k += j;

440 }

441 fprintf(f, "\n");

442

443 fprintf(f, "%4d \n", k);

444 fprintf(f, "\n");

445

446 fprintf(f, "%f %f \n", nu, rho);

447 fprintf(f, "\n");

448

449 fprintf(f, " %4d 0 \n", N4);

450 fprintf(f, "\n");

451

452 Pi = 4.0 * atan(1.0);

453 h = Pi / N;

454

455 for (i = 0; i < N2; i++) {

456 theta = i * h;

457 j = U - N2 + i;

458 fprintf(f, "%4d %25.20f %25.20f\n", i,

459 b1u(func, theta, R1, mu, omega1, A ,B),

460 b1v(func, theta, R1, mu, omega1, A, B));

461 fprintf(f, "%4d %25.20f %25.20f\n", j,

462 b2u(func, theta, R2, mu, omega2, A, B),

463 b2v(func, theta, R2, mu, omega2, A, B));

464 }

465 fprintf(f, "\n");

466

467 if (forc == 0) {

468 for (i = 0; i < U; i++)

469 fprintf(f, "%25.20f %25.20f\n", 0.0, 0.0);

470 }

471 else {

472 for (i = 0; i < U; i++) {

473 fprintf(f, "%25.20f %25.20f\n", x[i], y[i]);

474 }

475 }

476 fclose(f);

477 return 0;

478 }

479

480

6.2 Stokes
���P��STUVW

1 /*
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2 * stokes-fukushima.c

3 *

4 * mnohpb����� (1995� 2 �) ]��
5 * 	�

6 * 0. ANSI C

b���g���]��`
7 * 1. ��]��`
8 * 2. �|b�����]��`
9 * 	�

10 * LAPACK

b
dgbsv ]� ���y�`j

11 * 	�

12 * ���\ �_!a`"#�|�$b%&]'(*i��y)�ua`
13 * (

��
)

14 */

15

16 #include <math.h>

17 #include <stdio.h>

18 #include "matutil.h"

19

20 int verbose = 0;

21

22 /*
���g���

*/

23 double menseki(double, double, double, double, double, double);

24 void make(int,

25 vector, int, int,

26 vector, double, double,

27 vector, vector, int **, int *,

28 vector, vector);

29 void change(int, vector, int, int, int);

30 void bound(vector, int, int,

31 vector, int *, vector, vector, int, int, int *, int);

32 void etalu(matrix, vector, int);

33

34 void dgbsv_(int *n, int *kl, int *ku, int *nrhs,

35 double *AB, int *ldab, int *ipiv, double *b, int *ldb, int *info);

36 int max(int a, int b) { return (a > b) ? a : b; }

37 int min(int a, int b) { return (a < b) ? a : b; }

38 /* *+k,$\��*iblt\)_����b\�-�\./ */

39 #define A(i,j) ab[(j)*(nb)+(2*(nband)+(i)-(j))]

40

41 int main(int argc, char **argv)

42 {

43 /****************** �|� ********************/

44 int i, j;

45 /*
cd01��

, 2d01�� */

46 FILE *f1, *f2;

47 /* nnode:
��b3|

, nelmt:
"#b3|

, SIZE: ��|b3| */

48 int nnode, nelmt, SIZE;

49 /* nNBC: Neumann B.C. ]4*��b3|,

50 * nDBC: Dirichlet B.C. ]4*��b3|
51 * ND == nDBC + nNBC */

52 int nNBC, nDBC, ND;

53 /*

54 * cum[nnode]: 56��789,

55 * num[nelmt][6]:
"#��789

(:"#];p*i��b<=��78b9)

56 * b[]:
��efg

(Dirichlet
�

Neumann)

57 */

58 int *cum, **num, *b;

59 /* nu: >?�| �, rho: @� � */
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60 double nu, rho;

61 /* x[nnode], y[nnode]:
��b��

,

62 bx[ND], by[ND]:
��efg

,

63 fx[], fy[]: �defg,
64 sx[], sy[]: �d����,

65 ab[]:
<=�?�$ */

66 vector x, y, u, bx, by, fx, fy, sx, sy, ab;

67 ivector ipvt;

68 /*
�����

*/

69 int nband, nb;

70 /* */

71 char *input_file, *output_file;

72 /**************** �|�	
, &��� ******************/

73

74 /* �|b!|]���- */

75 if (argc == 3) {

76 input_file = argv[1];

77 output_file = argv[2];

78 }

79 else {

80 #ifdef ORIGINAL

81 fprintf(stderr, "usage: %s <input_file_name> <output_file_name>\n",

82 argv[0]);

83 exit(1);

84 #else

85 input_file = "reidai.data";

86 output_file = "fukushima.out";

87 #endif

88 }

89 /*
cd01��]�_ */

90 if ((f1 = fopen(input_file, "r")) == NULL) {

91 fprintf(stderr, "Can’t open %s\n", input_file);

92 exit(1);

93 }

94 /* 2d01��]�_ (�����\l���y��`���y�_���) */

95 if ((f2 = fopen(output_file, "w")) == NULL) {

96 fprintf(stderr, "Can’t open %s\n", output_file);

97 exit(2);

98 }

99 /*
"#|

nelmt,
��|

nnode ]�� ! */

100 fscanf(f1, "%d %d", &nelmt, &nnode);

101 if (verbose)

102 printf("
"#|

=%d,
3��|

=%d\n", nelmt, nnode);

103

104 /*
��b��

(x,y) ]�� ! */

105 if (verbose)

106 printf("
��b��]�!j\n");

107 x = new_vector(nnode); y = new_vector(nnode);

108 if (x == NULL || y == NULL) {

109 fprintf(stderr, "
��b��(b"#�f�$%&'(j\n");

110 exit(1);

111 }

112 for (i = 0; i < nnode; i++)

113 fscanf(f1, "%lf %lf", &x[i], &y[i]);

114

115 if (verbose)

116 printf("
"#��789]�!j\n");

117 /*
"#��789

num[nelmt][6] ])* */
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118 num = malloc(nelmt * sizeof(int *));

119 if (num == NULL) {

120 fprintf(stderr, "
"#���b��9(b"#�f�$%&'(\n");

121 exit(1);

122 }

123 for (i = 0; i < nelmt; i++) {

124 num[i] = malloc(sizeof(int) * 6);

125 if (num[i] == NULL) {

126 fprintf(stderr, "
"#���b��(b"#�f�$%&'(\n");

127 exit(1);

128 }

129 }

130 /* num[nelmt][6] ]�� ! */

131 for (i = 0; i < nelmt; i++)

132 for (j = 0; j < 6; j++)

133 fscanf(f1, "%d", &num[i][j]);

134

135 if (verbose)

136 printf("56��789]�!j\n");

137 /* 56��789 cum[nnode] ])* */

138 if ((cum = (int *) malloc(sizeof(int) * nnode)) == NULL) {

139 fprintf(stderr, "56��78(b"#�f�$%&'( \n");

140 exit(1);

141 }

142 /* cum[nnode] ]�� ! */

143 for (i = 0; i < nnode; i++)

144 fscanf(f1, "%d", &cum[i]);

145

146 /* ��|b3| SIZE ]�� ! */

147 fscanf(f1, "%d", &SIZE);

148 if (verbose)

149 printf("��|b!|=%d\n", SIZE);

150

151 /*
�����

nband
b��

*/

152 {

153 int max_cum, min_cum, cum_tmp, band_tmp;

154 if (verbose)

155 printf("
�����b��

\n");

156 nband = 0;

157 for (i = 0; i < nelmt; i++) {

158 max_cum = 0;

159 min_cum = SIZE;

160 for (j = 0; j < 6; j++) {

161 cum_tmp = cum[num[i][j]];

162 if (max_cum < cum_tmp) max_cum = cum_tmp;

163 if (min_cum > cum_tmp) min_cum = cum_tmp;

164 }

165 band_tmp = max_cum - min_cum;

166 if (band_tmp > nband)

167 nband = band_tmp;

168 }

169 if (verbose)

170 printf("
�����

=%d\n", nband);

171 }

172

173 /* �� */

174 nband += 2;

175 nb = 3 * nband + 1;
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176

177 /* �� 1+ �& A x = u
b`ab�| ab[nb*SIZE], u[SIZE] ])* */

178 u = new_vector(SIZE);

179 ab = new_vector(nb * SIZE);

180 ipvt = new_ivector(SIZE);

181 if (u ==NULL || ab == NULL || ipvt == NULL) {

182 fprintf(stderr, "��^(b"#�f�$%&'(j\n");

183 exit(1);

184 }

185 for (i = 0; i < SIZE; i++)

186 u[i] = 0.0;

187 for (i = 0; i < (nb * SIZE); i++)

188 ab[i] = 0.0;

189

190 /* >?�| nu, @� rho ]�� ! */

191 fscanf(f1, "%lf %lf", &nu, &rho);

192 /* Dirichlet
��

, Neumann
��%b��b3| nNBC, nDBC ]�� ! */

193 fscanf(f1, "%d %d", &nDBC, &nNBC);

194

195 /*
��%b��b3| ND ]�� */

196 ND = nNBC + nDBC;

197

198 /*
��efg]��*� bx[ND], by[ND] ](	���� ! */

199 if ((b = malloc(sizeof(int) * ND)) == NULL) {

200 fprintf(stderr, "
��y
*���789(b"#�f�$%&'(j\n");

201 exit(1);

202 }

203 bx = new_vector(ND); by = new_vector(ND);

204 if (bx == NULL || by == NULL) {

205 fprintf(stderr, "
����efg(b"#�f�$%&'(j\n");

206 exit(1);

207 }

208 for (i = 0; i < ND; i++)

209 fscanf(f1, "%d %lf %lf", &b[i], &bx[i], &by[i]);

210

211 /* Neumann
��efg]9�* sx[nnode],sy[nnode] ](	 (������) */

212 sx = new_vector(nnode); sy = new_vector(nnode);

213 if (sx == NULL || sy == NULL) {

214 fprintf(stderr, "
"#���$%&'(�\n");

215 exit(1);

216 }

217 for (i = 0; i < nnode; i++)

218 sx[i] = sy[i] = 0.0;

219 if (nNBC != 0) { /* � Neumann ���������� */

220 for (i = nDBC; i < ND; i++) { /* �: �� nDBC !" Dirichlet #�$ */

221 sx[b[i]] = bx[i];

222 sy[b[i]] = by[i];

223 }

224 }

225 /* %& fx[nnode], fy[nnode] ')*()�� ! */

226 fx = new_vector(nnode); fy = new_vector(nnode);

227 if (fx == NULL || fy == NULL) {

228 fprintf(stderr, "%&#�$* "#���$%&'(�\n");

229 exit(1);

230 }

231 for (i = 0; i < nnode; i++)

232 fscanf(f1, "%lf %lf", &fx[i], &fy[i]);

233
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234 /* �&#�$�� ��� */

235 fclose(f1);

236

237 /* �� 1����'�� */

238 make(nelmt, ab, nband, nb, u, nu, rho, x, y, num, cum, fx, fy);

239 bound(ab, nband, nb, u, b, bx, by, nNBC, nDBC, cum, SIZE);

240

241 /* �����	"#��'
� */

242 free(num);

243 free_vector(x);

244 free_vector(y);

245 free_vector(fx);

246 free_vector(fy);

247

248 free(b);

249 free(cum);

250 free_vector(bx);

251 free_vector(by);

252

253 /* �� 1����'� */

254 {

255 int nrhs = 1, ldab = nb, ldb = SIZE, info;

256 dgbsv_(&SIZE, &nband, &nband, &nrhs, ab, &ldab, ipvt, u, &ldb, &info);

257 if (info == 0) {

258 if (verbose)

259 printf(" successful\n");

260 }

261 else if (info > 0)

262 printf(" U is singular\n");

263 else

264 printf("%d-th argument has illegal value.\n", abs(info));

265 }

266

267 /* ����'���� f2 ��&()����'��� */

268 for (i = 0; i < SIZE; i++)

269 fprintf(f2, "%f \n", u[i]);

270 fclose(f2);

271

272 return 0;

273 }

274

275 /* ��� �� �� � (
!"#$ 

) %&'��'� */

276 double menseki(double x0, double x1, double x2,

277 double y0, double y1, double y2)

278 {

279 double s;

280 s = 0.5 * ((x1 - x0) * (y2 - y0) - (y1 - y0) * (x2 - x0));

281 return s;

282 }

283

284 /*(��')�'�� 1 ����'���
285 * *+,-./01�23� ecm(), assem() '4�'	56
286 */

287 void make(int T,

288 vector ab, int nband, int nb,

289 vector u, double nu, double rho,

290 vector x, vector y, int **num, int *cum,

291 vector fx, vector fy)
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292 {

293 int i, j, k;

294 double a0, a1, a2, b0, b1, b2, c0, c1, c2, S, D, nurho;

295

296 matrix a = new_matrix(6, 6);

297 matrix b = new_matrix(6, 3);

298 matrix c = new_matrix(6, 3);

299 matrix d = new_matrix(6, 6);

300

301 nurho = nu * rho;

302

303 for (k = 0; k < T; k++) { /* ������� */

304 int n0, n1, n2;

305 n0 = num[k][0];

306 n1 = num[k][1];

307 n2 = num[k][2];

308 S = menseki(x[n0], x[n1], x[n2], y[n0], y[n1], y[n2]);

309 if (S < 0.0) {

310 printf("� %d �� %&�������&' �\n", k);

311 exit(0);

312 }

313 D = 2 * S;

314

315 a0 = (y[n1] - y[n2]) / D;

316 a1 = (y[n2] - y[n0]) / D;

317 a2 = (y[n0] - y[n1]) / D;

318 b0 = (x[n2] - x[n1]) / D;

319 b1 = (x[n0] - x[n2]) / D;

320 b2 = (x[n1] - x[n0]) / D;

321

322 c0 = a1 * a2 + b1 * b2;

323 c1 = a2 * a0 + b2 * b0;

324 c2 = a0 * a1 + b0 * b1;

325

326 a[0][0] = 3 * (a0 * a0 + b0 * b0);

327 a[1][1] = 3 * (a1 * a1 + b1 * b1);

328 a[2][2] = 3 * (a2 * a2 + b2 * b2);

329 a[0][1] = -c2;

330 a[0][2] = -c1;

331 a[1][2] = -c0;

332 a[0][3] = a[1][4] = a[2][5] = 0;

333 a[1][3] = a[2][3] = 4 * c0;

334 a[0][4] = a[2][4] = 4 * c1;

335 a[0][5] = a[1][5] = 4 * c2;

336 a[3][3] = a[4][4] = a[5][5] = -8 * (c0 + c1 + c2);

337 a[3][4] = 8 * c2;

338 a[3][5] = 8 * c1;

339 a[4][5] = 8 * c0;

340

341 for(i = 0; i < 6; i++)

342 for(j = 0; j <= i; j++)

343 a[i][j] = a[j][i];

344

345 for(i = 0; i < 6; i++)

346 for(j = 0; j < 6; j++)

347 a[i][j] = (S / 3.0) * a[i][j];

348

349 b[0][0] = a0;
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350 b[1][1] = a1;

351 b[2][2] = a2;

352 b[0][1] = b[0][2] = b[1][0] = b[1][2] = b[2][0] = b[2][1] = 0;

353 b[3][0] = a1 + a2;

354 b[4][1] = a2 + a0;

355 b[5][2] = a0 + a1;

356 b[3][1] = a1 + 2 * a2;

357 b[3][2] = 2 * a1 + a2;

358 b[4][0] = 2 * a2 + a0;

359 b[4][2] = a2 + 2 * a0;

360 b[5][0] = a0 + 2 * a1;

361 b[5][1] = 2 * a0 + a1;

362

363 for(i = 0; i < 6; i++)

364 for(j = 0; j < 3; j++)

365 b[i][j] = (S / 3.0) * b[i][j];

366

367 c[0][0] = b0;

368 c[1][1] = b1;

369 c[2][2] = b2;

370 c[0][1] = c[0][2] = c[1][0] = c[1][2] = c[2][0] = c[2][1] = 0;

371 c[3][0] = b1 + b2;

372 c[4][1] = b2 + b0;

373 c[5][2] = b0 + b1;

374 c[3][1] = b1 + 2 * b2;

375 c[3][2] = 2 * b1 + b2;

376 c[4][0] = 2 * b2 + b0;

377 c[4][2] = b2 + 2 * b0;

378 c[5][0] = b0 + 2 * b1;

379 c[5][1] = 2 * b0 + b1;

380

381 for(i = 0; i < 6; i++)

382 for(j = 0; j < 3; j++)

383 c[i][j] = (S / 3.0) * c[i][j];

384

385 d[0][0] = d[1][1] = d[2][2] = 6;

386 d[0][1] = d[0][2] = d[1][2] = -1;

387 d[0][3] = d[1][4] = d[2][5] = -4;

388 d[0][4] = d[0][5] = d[1][3] = d[1][5] = d[2][3] = d[2][4] = 0;

389 d[3][3] = d[4][4] = d[5][5] = 32;

390 d[3][4] = d[3][5] = d[4][5] = 16;

391

392 for(i = 0; i < 6; i++)

393 for(j = 0; j <= i; j++)

394 d[i][j] = d[j][i];

395

396 for(i = 0; i < 6; i++)

397 for(j = 0; j < 6; j++)

398 d[i][j] = (S / 180.0) * d[i][j];

399

400 /* ����� */

401 for(i = 0; i < 6; i++) {

402 int I = cum[num[k][i]];

403 for (j = 0; j < 6; j++) {

404 int J = cum[num[k][j]];

405 A(I,J) += nurho * a[i][j];

406 A(I+1,J+1) += nurho * a[i][j];

407 }
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408

409 for (j = 0; j < 3; j++) {

410 int J = cum[num[k][j]];

411 A(I,J+2) -= b[i][j];

412 A(I+1,J+2) -= c[i][j];

413 }

414

415 for(j = 0; j < 6; j++){

416 u[I] += rho * d[i][j] * fx[num[k][j]];

417 u[I + 1] += rho * d[i][j] * fy[num[k][j]];

418 }

419 }

420

421 for(i = 0; i < 3; i++) {

422 int I = cum[num[k][i]];

423 for (j = 0; j < 6; j++) {

424 int J = cum[num[k][j]];

425 A(I+2,J) -= b[j][i];

426 A(I+2,J+1) -= c[j][i];

427 }

428 }

429 }

430

431 /* ���"#��'
� */

432 free_matrix(a);

433 free_matrix(b);

434 free_matrix(c);

435 free_matrix(d);

436 }

437

438 void change(int n, vector ab, int nband, int nb, int k)

439 {

440 int i,j;

441 for (i = max(0,k-nband); i <= min(n-1,k+nband); i++)

442 A(i,k) = 0.0;

443 for (j = max(0,k-nband); j <= min(n-1,k+nband); j++)

444 A(k,j) = 0.0;

445 A(k,k) = 1.0;

446 }

447

448 void bound(vector ab, int nband, int nb,

449 vector u, int *b, vector bx, vector by,

450 int N, int D, int *cum, int n)

451 {

452 int i, j, k;

453 for (k = 0; k < D; k++) {

454 j = cum[b[k]];

455 for (i = max(0,j-nband); i <= min(n-1,j+nband); i++)

456 u[i] -= A(i,j) * bx[k];

457 u[j] = bx[k];

458 change(n, ab, nband, nb, j);

459 j++;

460 for (i = max(0,j-nband); i <= min(n-1,j+nband); i++)

461 u[i] -= A(i,j) * by[k];

462 u[j] = by[k];

463 change(n, ab, nband, nb, j);

464 }

465 if (N == 0) {
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466 change(n, ab, nband, nb, 2);

467 u[2] = 0.0;

468 }

469 }

470

471

472

473

474

475

6.3
��

κx
ijk, κ

y
ijk �������	

(Mathematica
��)

1 lambda[0] := 1 - x - y

2 lambda[1] := x

3 lambda[1] := y

4 phi[0] := lambda[0](2lambda[0] - 1)

5 phi[1] := lambda[1](2lambda[1] - 1)

6 phi[2] := lambda[2](2lambda[2] - 1)

7 phi[3] := 4lambda[1]lambda[2]

8 phi[4] := 4lambda[0]lambda[2]

9 phi[5] := 4lambda[0]lambda[1]

10 phix[0] := (4lambda[0] - 1)alpha[0]

11 phix[1] := (4lambda[1] - 1)alpha[1]

12 phix[2] := (4lambda[2] - 1)alpha[2]

13 phix[3] := 4(alpha[1]lambda[2] + alpha[2]lambda[1])

14 phix[4] := 4(alpha[2]lambda[0] + alpha[0]lambda[2])

15 phix[5] := 4(alpha[0]lambda[1] + alpha[1]lambda[0])

16 kappa[i, j, k] := 2*Integrate[Integrate[phi[i]phi[j]phix[k],

17 {y, 0, 1 - x}], {x, 0, 1}]

18 kappa[0] := Table[kappa[i, j, 0], {i, 0, 5}, {j, 0, 5}]

19 kappa[1] := Table[kappa[i, j, 1], {i, 0, 5}, {j, 0, 5}]

20 kappa[2] := Table[kappa[i, j, 2], {i, 0, 5}, {j, 0, 5}]

21 kappa[3] := Table[kappa[i, j, 3], {i, 0, 5}, {j, 0, 5}]

22 kappa[4] := Table[kappa[i, j, 4], {i, 0, 5}, {j, 0, 5}]

23 kappa[5] := Table[kappa[i, j, 5], {i, 0, 5}, {j, 0, 5}]

6.4 Navier-Stokes���������	
1 /*

2 * navier3-fukushima.c

3 * ����� -./01 (1995� 2 �) '����
4 * 0. ANSI C

 -.�$�-�2'��	
5 * 1. � '!"	 (##&�$%& ''())

6 * 2, *	�+,	��-./0��12'	.

7 */

8

9 #include <math.h>

10 #include <stdio.h>

11 #include "matutil.h"

12

13 int verbose = 0;
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14

15 double menseki(double x0, double x1, double x2,

16 double y0, double y1, double y2);

17 void matprod3(matrix a, matrix b, matrix c, matrix d);

18 void make(int T, vector ab, vector ab0, int nband, int nb, int SIZE,

19 vector u, vector v, double nu, double rho,

20 vector x, vector y, int **num, int *cum,

21 vector fx, vector fy);

22 void change(int n, vector ab, int nband, int nb, int k);

23 void bound(vector ab, int nband, int nb,

24 vector u, int *b, int N, int D, int *cum, int SIZE);

25 void newton(int T,

26 int nband, int nb, ivector ipvt,

27 vector u, vector v, double nu, double rho,

28 vector x, vector y, int **num, int *cum,

29 vector fx, vector fy, int *b, int N, int D, int SIZE);

30

31 void dgbsv_(int *n, int *kl, int *ku, int *nrhs,

32 double *AB, int *ldab, int *ipiv, double *b, int *ldb, int *info);

33 int max(int a, int b) { return (a > b) ? a : b; }

34 int min(int a, int b) { return (a < b) ? a : b; }

35 /* ����0���'� "������� ���.�	
 */

36 #define A0(i,j) ab0[(j)*(nb)+(2*(nband)+(i)-(j))]

37 #define A(i,j) ab[(j)*(nb)+(2*(nband)+(i)-(j))]

38

39 int main(int argc, char **argv)

40 {

41 FILE *f1, *f2, *f3;

42 int i, j, nnode, nelmt, SIZE, N, D, ND;

43 int *cum, **num, *b;

44 double nu, rho;

45 vector x, y, u, v, bx, by, fx, fy, sx, sy;

46 ivector ipvt;

47 int nband, nb;

48

49 if (argc != 4) {

50 fprintf(stderr, "usage: %s <input file0> <input file1> <output file>",

51 argv[0]);

52 exit(1);

53 }

54 if ((f1 = fopen(argv[1], "r")) == NULL) {

55 fprintf(stderr, "Can’t open %s", argv[1]);

56 exit(1);

57 }

58 if ((f2 = fopen(argv[2], "r")) == NULL) {

59 fprintf(stderr, "Can’t open %s", argv[2]);

60 exit(2);

61 }

62

63 fscanf(f1, "%d %d", &nelmt, &nnode);

64

65 x = new_vector(nnode);

66 y = new_vector(nnode);

67 for (i = 0; i < nnode; i++) {

68 fscanf(f1, "%lf %lf", &x[i], &y[i]);

69 }

70

71 num = malloc(nelmt * sizeof(void *));
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72 if (num == NULL) {

73 fprintf(stderr, "����� �1* "#���$%&'(\n");

74 exit(1);

75 }

76 for (i = 0; i < nelmt; i++) {

77 num[i] = malloc(sizeof(int) * 6);

78 if (num[i] == NULL) {

79 fprintf(stderr, "����� �1* "#���$%&'(\n");

80 exit(1);

81 }

82 }

83 for (i = 0; i < nelmt; i++)

84 for (j = 0; j < 6; j++)

85 fscanf(f1, "%d", &num[i][j]);

86

87 if ((cum = malloc(sizeof(int) * nnode)) == NULL) {

88 fprintf(stderr, "�&���"* "#���$%&'( \n");

89 exit(1);

90 }

91 for (i = 0; i < nnode; i++)

92 fscanf(f1, "%d", &cum[i]);

93 fscanf(f1, "%d", &SIZE);

94 if (verbose)

95 printf("
��. !.=%d\n", SIZE);

96

97 /* ���	
 nband
 ��

*/

98 {

99 int max_cum, min_cum, cum_tmp, band_tmp;

100 if (verbose)

101 printf("���	
 ��\n");

102 nband = 0;

103 for (i = 0; i < nelmt; i++) {

104 max_cum = 0;

105 min_cum = SIZE;

106 for (j = 0; j < 6; j++) {

107 cum_tmp = cum[num[i][j]];

108 if (max_cum < cum_tmp) max_cum = cum_tmp;

109 if (min_cum > cum_tmp) min_cum = cum_tmp;

110 }

111 band_tmp = max_cum - min_cum;

112 if (band_tmp > nband)

113 nband = band_tmp;

114 }

115 if (verbose)

116 printf("���	
=%d\n", nband);

117 }

118 /* �� */

119 nband += 2;

120 nb = 3 * nband + 1;

121

122 u = new_vector(SIZE);

123 v = new_vector(SIZE);

124 ipvt = new_ivector(SIZE);

125

126 for (i = 0; i < SIZE; i++)

127 fscanf(f2, "%lf", &u[i]);

128 fclose(f2);

129
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130 fscanf(f1, "%lf %lf", &nu, &rho);

131 fscanf(f1, "%d %d", &D, &N);

132

133 ND = N + D;

134

135 if ((b = malloc(sizeof(int) * ND)) == NULL) {

136 fprintf(stderr, "�� �"* "#���$%&'(�\n");

137 exit(1);

138 }

139 bx = new_vector(ND);

140 by = new_vector(ND);

141 for (i = 0; i < ND; i++)

142 fscanf(f1, "%d %lf %lf", &b[i], &bx[i], &by[i]);

143

144 sx = new_vector(nnode);

145 sy = new_vector(nnode);

146 for (i = 0; i < nnode; i++)

147 sx[i] = sy[i] = 0.0;

148 if (N != 0) {

149 for (i = D; i < ND; i++) {

150 sx[b[i]] = bx[i];

151 sy[b[i]] = by[i];

152 }

153 }

154

155 fx = new_vector(nnode);

156 fy = new_vector(nnode);

157 for (i = 0; i < nnode; i++)

158 fscanf(f1, "%lf %lf", &fx[i], &fy[i]);

159 fclose(f1);

160

161 newton(nelmt, nband, nb, ipvt,

162 u, v, nu, rho, x, y, num, cum, fx, fy, b, N, D,

163 SIZE);

164

165 free(num);

166 free_vector(x);

167 free_vector(y);

168 free_vector(fx);

169 free_vector(fy);

170

171 free(b);

172 free(cum);

173 free_vector(bx);

174 free_vector(by);

175 free_vector(sx);

176 free_vector(sy);

177

178 if ((f3 = fopen(argv[3], "w")) == NULL) {

179 fprintf(stderr, "Can’t open %s\n", argv[3]);

180 exit(3);

181 }

182 for (i = 0; i < SIZE; i++)

183 fprintf(f3, "%f \n", u[i]);

184 fclose(f3);

185

186 return 0;

187 }
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188

189 double menseki(double x0, double x1, double x2,

190 double y0, double y1, double y2)

191 {

192 double s;

193 s = 0.5 * ((x1 - x0) * (y2 - y0) - (y1 - y0) * (x2 - x0));

194 return s;

195 }

196

197 void make(int T, vector ab, vector ab0, int nband, int nb, int SIZE,

198 vector u, vector v, double nu, double rho,

199 vector x, vector y, int **num, int *cum,

200 vector fx, vector fy)

201 {

202 static int first = 1;

203 int i, j, k, l;

204 double a0, a1, a2, b0, b1, b2, c0, c1, c2, nurho, S, D;

205 matrix a, b, c, d;

206 matrix kappa[6], lambda[6];

207

208 if (first)

209 for (i = 0; i < nb * SIZE; i++)

210 ab0[i] = 0.0;

211 for (i = 0; i < nb * SIZE; i++)

212 ab[i] = 0.0;

213

214 double kappa0[6][6][6]

215 = {{{78, 0, 0, 0, 24, 24}, {-9, 0, 0, 0, 4, -16},

216 {-9, 0, 0, 0, -16, 4}, {12, 0,0, 0, -48, -48},

217 {48, 0, 0, 0, -32, -16}, {48, 0, 0, 0, -16, -32}},

218 {{-9, 0, 0, 0, 4, -16}, {-18, 0, 0, 0, 24, 120},

219 {11, 0, 0, 0, -16, -16}, {-16, 0, 0, 0, -32, 48},

220 {-20, 0, 0,0, -48, -16}, {-32, 0, 0, 0, -16, 48}},

221 {{-9, 0, 0, 0, -16, 4}, {11, 0, 0, 0, -16, -16},

222 {-18, 0, 0, 0, 120, 24}, {-16, 0, 0, 0, 48, -32},

223 {-32, 0, 0, 0, 48, -16}, {-20, 0, 0, 0, -16, -48}},

224 {{12, 0, 0, 0, -48, -48}, {-16, 0, 0, 0, -32, 48},

225 {-16, 0, 0, 0, 48, -32}, {-96, 0,0, 0, 384, 384},

226 {16, 0, 0, 0, 192, 128}, {16, 0, 0, 0, 128, 192}},

227 {{48, 0, 0, 0, -32, -16}, {-20, 0, 0, 0, -48, -16},

228 {-32, 0, 0, 0, 48, -16}, {16, 0, 0, 0, 192, 128},

229 {160, 0, 0, 0, 384, 128}, {80, 0, 0, 0, 128, 128}},

230 {{48, 0, 0, 0, -16, -32}, {-32, 0, 0, 0, -16, 48},

231 {-20, 0, 0, 0, -16, -48}, {16, 0, 0, 0, 128, 192},

232 {80, 0, 0, 0, 128, 128}, {160, 0, 0, 0, 128, 384}}};

233

234 double kappa1[6][6][6]

235 = {{{0, -18, 0, 24, 0, 120}, {0, -9, 0, 4, 0, -16},

236 {0, 11, 0, -16, 0, -16}, {0, -20, 0, -48, 0, -16},

237 {0, -16, 0, -32, 0, 48}, {0, -32, 0, -16, 0, 48}},

238 {{0, -9, 0, 4, 0, -16}, {0, 78, 0, 24, 0, 24},

239 {0, -9, 0, -16, 0, 4}, {0, 48, 0, -32, 0, -16},

240 {0, 12, 0, -48, 0, -48}, {0, 48, 0, -16, 0, -32}},

241 {{0, 11, 0, -16, 0, -16}, {0, -9, 0, -16, 0, 4},

242 {0, -18, 0, 120, 0, 24}, {0, -32, 0, 48, 0, -16},

243 {0, -16, 0, 48, 0, -32}, {0, -20, 0, -16, 0, -48}},

244 {{0, -20, 0, -48, 0, -16}, {0, 48, 0, -32, 0, -16},

245 {0, -32, 0, 48, 0, -16}, {0, 160, 0, 384, 0, 128},
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246 {0, 16, 0, 192, 0, 128}, {0, 80, 0, 128, 0, 128}},

247 {{0, -16, 0, -32, 0, 48}, {0, 12, 0, -48, 0, -48},

248 {0, -16, 0, 48, 0, -32}, {0, 16, 0, 192, 0, 128},

249 {0, -96, 0, 384, 0, 384}, {0, 16, 0, 128, 0, 192}},

250 {{0, -32, 0, -16, 0, 48}, {0, 48, 0, -16, 0, -32},

251 {0, -20, 0, -16, 0, -48}, {0, 80, 0, 128, 0, 128},

252 {0, 16, 0, 128, 0, 192}, {0, 160, 0, 128, 0, 384}}} ;

253

254 double kappa2[6][6][6]

255 = {{{0, 0, -18, 24, 120, 0}, {0, 0, 11, -16, -16, 0},

256 {0, 0, -9, 4, -16, 0}, {0, 0, -20, -48, -16, 0},

257 {0, 0, -32, -16, 48, 0}, {0, 0, -16, -32, 48, 0}},

258 {{0, 0, 11, -16, -16, 0}, {0, 0, -18, 120, 24, 0},

259 {0, 0, -9, -16, 4, 0}, {0, 0, -32, 48, -16, 0},

260 {0, 0, -20, -16, -48, 0}, {0, 0, -16, 48, -32, 0}},

261 {{0, 0, -9, 4, -16, 0}, {0, 0, -9, -16, 4, 0},

262 {0, 0, 78, 24, 24, 0}, {0, 0, 48, -32, -16, 0},

263 {0, 0, 48, -16, -32, 0}, {0, 0, 12, -48, -48, 0}},

264 {{0, 0, -20, -48, -16, 0}, {0, 0, -32, 48, -16, 0},

265 {0, 0, 48, -32, -16, 0}, {0, 0, 160, 384, 128, 0},

266 {0, 0, 80, 128, 128, 0}, {0, 0, 16, 192, 128, 0}},

267 {{0, 0, -32, -16, 48, 0}, {0, 0, -20, -16, -48, 0},

268 {0, 0, 48, -16, -32, 0}, {0, 0, 80, 128, 128, 0},

269 {0, 0, 160, 128, 384, 0}, {0, 0, 16, 128, 192, 0}},

270 {{0, 0, -16, -32, 48, 0}, {0, 0, -16, 48, -32, 0},

271 {0, 0, 12, -48, -48, 0}, {0, 0, 16, 192, 128, 0},

272 {0, 0, 16, 128, 192, 0}, {0, 0, -96, 384, 384, 0}}} ;

273

274 /*
�. *	 */

275 a = new_matrix(6, 6);

276 b = new_matrix(6, 3);

277 c = new_matrix(6, 3);

278 d = new_matrix(6, 6);

279

280 for (i = 0; i < 6; i++) {

281 kappa[i] = new_matrix(6, 6);

282 lambda[i] = new_matrix(6, 6);

283 }

284

285 /* A, B, C, D '��� */

286 for (i = 0; i < 6; i++){

287 for (j = 0; j < 6; j++)

288 a[i][j] = d[i][j] = 0;

289 }

290

291 for (i = 0; i < 6; i++){

292 for (j = 0; j < 3; j++)

293 b[i][j] = c[i][j] = 0;

294 }

295

296 nurho = nu * rho;

297

298 for (l = 0; l < T; l++) { /* ������� */

299 int n0, n1, n2;

300 n0 = num[l][0];

301 n1 = num[l][1];

302 n2 = num[l][2];

303 S = menseki(x[n0], x[n1], x[n2], y[n0], y[n1], y[n2]);
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304 if (S < 0.0) {

305 printf("� %d �� %&�������&' �\n", l);

306 exit(0);

307 }

308 D = 2 * S;

309

310 a0 = (y[n1] - y[n2]) / D;

311 a1 = (y[n2] - y[n0]) / D;

312 a2 = (y[n0] - y[n1]) / D;

313 b0 = (x[n2] - x[n1]) / D;

314 b1 = (x[n0] - x[n2]) / D;

315 b2 = (x[n1] - x[n0]) / D;

316

317 c0 = a1 * a2 + b1 * b2;

318 c1 = a2 * a0 + b2 * b0;

319 c2 = a0 * a1 + b0 * b1;

320

321 a[0][0] = 3 * (a0 * a0 + b0 * b0);

322 a[1][1] = 3 * (a1 * a1 + b1 * b1);

323 a[2][2] = 3 * (a2 * a2 + b2 * b2);

324 a[0][1] = -c2;

325 a[0][2] = -c1;

326 a[1][2] = -c0;

327 a[0][3] = a[1][4] = a[2][5] = 0;

328 a[1][3] = a[2][3] = 4 * c0;

329 a[0][4] = a[2][4] = 4 * c1;

330 a[0][5] = a[1][5] = 4 * c2;

331 a[3][3] = a[4][4] = a[5][5] = -8 * (c0 + c1 + c2);

332 a[3][4] = 8 * c2;

333 a[3][5] = 8 * c1;

334 a[4][5] = 8 * c0;

335

336 for(i = 0; i < 6; i++)

337 for(j = 0; j < i; j++)

338 a[i][j] = a[j][i];

339

340 for(i = 0; i < 6; i++)

341 for(j = 0; j < 6; j++)

342 a[i][j] = (S / 3.0) * a[i][j];

343

344 b[0][0] = a0;

345 b[1][1] = a1;

346 b[2][2] = a2;

347 b[0][1] = b[0][2] = b[1][0] = b[1][2] = b[2][0] = b[2][1] = 0;

348 b[3][0] = a1 + a2;

349 b[4][1] = a2 + a0;

350 b[5][2] = a0 + a1;

351 b[3][1] = a1 + 2 * a2;

352 b[3][2] = 2 * a1 + a2;

353 b[4][0] = 2 * a2 + a0;

354 b[4][2] = a2 + 2 * a0;

355 b[5][0] = a0 + 2 * a1;

356 b[5][1] = 2 * a0 + a1;

357

358 for(i = 0; i < 6; i++)

359 for(j = 0; j < 3; j++)

360 b[i][j] = (S / 3.0) * b[i][j];

361
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362 c[0][0] = b0;

363 c[1][1] = b1;

364 c[2][2] = b2;

365 c[0][1] = c[0][2] = c[1][0] = c[1][2] = c[2][0] = c[2][1] = 0;

366 c[3][0] = b1 + b2;

367 c[4][1] = b2 + b0;

368 c[5][2] = b0 + b1;

369 c[3][1] = b1 + 2 * b2;

370 c[3][2] = 2 * b1 + b2;

371 c[4][0] = 2 * b2 + b0;

372 c[4][2] = b2 + 2 * b0;

373 c[5][0] = b0 + 2 * b1;

374 c[5][1] = 2 * b0 + b1;

375

376 for(i = 0; i < 6; i++)

377 for(j = 0; j < 3; j++)

378 c[i][j] = (S / 3.0) * c[i][j];

379

380 d[0][0] = d[1][1] = d[2][2] = 6;

381 d[0][1] = d[0][2] = d[1][2] = -1;

382 d[0][3] = d[1][4] = d[2][5] = -4;

383 d[0][4] = d[0][5] = d[1][3] = d[1][5] = d[2][3] = d[2][4] = 0;

384 d[3][3] = d[4][4] = d[5][5] = 32;

385 d[3][4] = d[3][5] = d[4][5] = 16;

386

387 for(i = 0; i < 6; i++)

388 for(j = 0; j < i; j++)

389 d[i][j] = d[j][i];

390

391 for(i = 0; i < 6; i++)

392 for(j = 0; j < 6; j++)

393 d[i][j] = (S / 180.0) * d[i][j];

394

395 for(i = 0; i < 6; i++){

396 for(j = 0; j < 6; j++){

397 for(k = 0; k < 6; k++){

398 kappa[i][j][k] = (a0 * kappa0[i][j][k] +

399 a1 * kappa1[i][j][k] +

400 a2 * kappa2[i][j][k]) * S / 1260;

401 lambda[i][j][k] = (b0 * kappa0[i][j][k] +

402 b1 * kappa1[i][j][k] +

403 b2 * kappa2[i][j][k]) * S / 1260;

404 }

405 }

406 }

407

408 /* ����� */

409 /* ������� (�� Stokes
���

) */

410

411 if(first){

412 for(i = 0; i < 6; i++) {

413 int I = cum[num[l][i]];

414 for (j = 0; j < 6; j++) {

415 int J = cum[num[l][j]];

416 A0(I, J) += nurho * a[i][j];

417 A0(I+1, J+1) += nurho * a[i][j];

418 }

419
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420 for (j = 0; j < 3; j++) {

421 int J = cum[num[l][j]];

422 A0(I, J+2) -= b[i][j];

423 A0(I+1, J+2) -= c[i][j];

424 }

425 }

426

427 for(i = 0; i < 3; i++) {

428 int I = cum[num[l][i]];

429 for (j = 0; j < 6; j++) {

430 int J = cum[num[l][j]];

431 A0(I+2, J) -= b[j][i];

432 A0(I+2, J+1) -= c[j][i];

433 }

434 }

435 }

436

437 for(i = 0; i < 6; i++) {

438 int I = cum[num[l][i]];

439 for(j = 0; j < 6; j++){

440 v[I] -= rho * d[i][j] * fx[num[l][j]];

441 v[I + 1] -= rho * d[i][j] * fy[num[l][j]];

442 }

443

444 for(j = 0; j < 6; j++){

445 int J = cum[num[l][j]];

446 v[I] += nurho * a[i][j] * u[J];

447 v[I+1] += nurho * a[i][j] * u[J+1];

448 }

449

450 for(j = 0; j < 3; j++){

451 int J = cum[num[l][j]];

452 v[I] -= b[i][j] * u[J+2];

453 v[I+1] -= c[i][j] * u[J+2];

454 }

455 }

456

457 for(i = 0; i < 3; i++) {

458 int I = cum[num[l][i]];

459 for (j = 0; j < 6; j++) {

460 int J = cum[num[l][j]];

461 v[I+2] -= b[j][i] * u[J] + c[j][i] * u[J+1];

462 }

463 }

464

465

466 /* �������� */

467 for (i = 0; i < 6; i++) {

468 int I = cum[num[l][i]];

469 for (j = 0; j < 6; j++) {

470 int J = cum[num[l][j]];

471 for (k = 0; k < 6; k++) {

472 int K = cum[num[l][k]];

473 A(I, J) += rho * (kappa[i][j][k] * u[K] +

474 kappa[i][k][j] * u[K] +

475 lambda[i][k][j] * u[K+1]) ;

476 A(I, J+1) += rho * lambda[i][j][k] * u[K];

477 A(I+1, J) += rho * kappa[i][j][k] * u[K+1];
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478 A(I+1, J+1) += rho *(lambda[i][j][k] * u[K+1] +

479 kappa[i][k][j] * u[K] +

480 lambda[i][k][j] * u[K+1]);

481 }

482 }

483 }

484

485 for (i = 0; i < 6; i++) {

486 int I = cum[num[l][i]];

487 for (j = 0; j < 6; j++) {

488 int J = cum[num[l][j]];

489 for (k = 0; k < 6; k++) {

490 int K = cum[num[l][k]];

491 v[I] += rho * (kappa[i][j][k] * u[J] * u[K]

492 + lambda[i][j][k] * u[J+1] * u[K]);

493 v[I+1] += rho * (kappa[i][j][k] * u[J] * u[K+1]

494 + lambda[i][j][k] * u[J+1] * u[K+1]);

495 }

496 }

497 }

498 }

499

500 for (i = 0; i < nb * SIZE; i++)

501 ab[i] += ab0[i];

502 first = 0;

503 free_matrix(a);

504 free_matrix(b);

505 free_matrix(c);

506 free_matrix(d);

507 for (i = 0; i < 6; i++) {

508 free_matrix(kappa[i]);

509 free_matrix(lambda[i]);

510 }

511 }

512

513 void change(int n, vector ab, int nband, int nb, int k)

514 {

515 int i,j;

516 for (i = max(0,k-nband); i <= min(n-1,k+nband); i++)

517 A(i,k) = 0.0;

518 for (j = max(0,k-nband); j <= min(n-1,k+nband); j++)

519 A(k,j) = 0.0;

520 A(k,k) = 1.0;

521 }

522

523 void bound(vector ab, int nband, int nb,

524 vector u, int *b, int N, int D, int *cum, int n)

525 {

526 int j, k;

527 for (k = 0; k < D; k++) {

528 j = cum[b[k]];

529 u[j] = 0.0;

530 change(n, ab, nband, nb, j);

531 j++;

532 u[j] = 0.0;

533 change(n, ab, nband, nb, j);

534 }

535 if (N == 0) {
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536 change(n, ab, nband, nb, 2);

537 u[2] = 0.0;

538 }

539 }

540

541 void newton(int T,

542 int nband, int nb, ivector ipvt,

543 vector u, vector v, double nu, double rho,

544 vector x, vector y, int **num, int *cum,

545 vector fx, vector fy, int *b, int N, int D, int SIZE)

546 {

547 int i, q;

548 double norm;

549 vector ab, ab0;

550

551 ab0 = new_vector(nb * SIZE);

552 ab = new_vector(nb * SIZE);

553 if (ab0 == NULL || ab == NULL) {

554 fprintf(stderr, "
"#���$\n");

555 exit(1);

556 }

557

558 for (q = 0; q <= 10; q++) {

559 for (i = 0; i < SIZE; i++)

560 v[i] = 0.0;

561

562 make(T, ab, ab0, nband, nb, SIZE,

563 u, v, nu, rho, x, y, num, cum, fx, fy);

564

565 bound(ab, nband, nb, v, b, N, D, cum, SIZE);

566

567 /* �� 1����'� */

568 {

569 int nrhs = 1, ldab = nb, ldb = SIZE, info;

570 dgbsv_(&SIZE, &nband, &nband, &nrhs, ab, &ldab, ipvt, v, &ldb, &info);

571 if (info == 0) {

572 if (verbose)

573 printf(" successful\n");

574 }

575 else if (info > 0)

576 printf(" U is singular\n");

577 else

578 printf("%d-th argument has illegal value.\n", abs(info));

579 }

580

581 norm = sqrt(innerproduct(SIZE, v, v) / SIZE);

582 printf("||(�u, �v, �p)||�%e\n", norm);

583

584 for (i = 0; i < SIZE; i++)

585 u[i] -= v[i];

586

587 if (norm < 1.0e-8)

588 return;

589 }

590 printf(" ��(&'(�(	 \n");

591 }

592

593
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594

595

596

597

598

599

600

6.5
���������������	
1 /*

2 * fluid3.c --- ��� ��
(1995� 2�)

3 *
-.�$�-�2���� (mk, 2004/8/31)

4 * 	
��� �����$"	
��
5 * �'+,����3�(	 (

��
)

6 */

7

8 #include <math.h>

9 #include <stdio.h>

10 #define G_DOUBLE

11 #include <glsc.h>

12 #include "matutil.h"

13

14 void glsc(int, int, int, int **, int *, vector, vector, vector);

15 void domain(int, int **, vector, vector);

16 void flow(int, int *, vector, vector, vector);

17 void arrow(double, double, double, double);

18

19 int main(int argc, char **argv)

20 {

21 FILE *f1, *f2;

22 int i, j, U, T, SIZE;

23 int *cum, **num;

24 vector x, y, u;

25

26 if (argc != 3) {

27 printf("usage: %s <input> <output>\n", argv[0]);

28 exit(0);

29 }

30 if ((f1 = fopen(argv[1], "r")) == NULL) {

31 fprintf(stderr, "Can’t open %s", argv[1]);

32 exit(1);

33 }

34 if ((f2 = fopen(argv[2], "r")) == NULL) {

35 fprintf(stderr, "Can’t open %s", argv[2]);

36 exit(2);

37 }

38

39 fscanf(f1, "%d %d", &T, &U);

40

41 x = new_vector(U);

42 y = new_vector(U);

43 for (i = 0; i < U; i++) {

44 fscanf(f1, "%lf %lf", &x[i], &y[i]);

45 }
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46

47 num = (int **) malloc(T * sizeof(void *));

48 if (num == NULL)

49 printf("����� �1* "#���$%&'(\n");

50 for (i = 0; i < T; i++) {

51 num[i] = (int *) malloc(sizeof(int) * 6);

52 if (num[i] == NULL) {

53 printf("����� �1* "#���$%&'(\n");

54 }

55 }

56 for (i = 0; i < T; i++) {

57 for (j = 0; j < 6; j++) {

58 fscanf(f1, "%d", &num[i][j]);

59 }

60 }

61

62 if ((cum = (int *) malloc(sizeof(int) * U)) == NULL) {

63 printf("�&���"* "#���$%&'( \n");

64 }

65 for (i = 0; i < U; i++) {

66 fscanf(f1, "%d", &cum[i]);

67 }

68

69 fscanf(f1, "%d", &SIZE);

70 fclose(f1);

71

72 u = new_vector(SIZE);

73 for (i = 0; i < SIZE; i++) {

74 fscanf(f2, "%lf", &u[i]);

75 }

76 fclose(f2);

77

78 glsc(U, T, SIZE, num, cum, x, y, u);

79 return 0;

80 }

81

82 void glsc(int U, int T, int SIZE, int **num, int *cum,

83 vector x, vector y, vector u)

84 {

85 int i;

86 double left, right, top, bottom, widx, widy, Lx, Ly;

87

88 left = right = x[0];

89 top = bottom = y[0];

90

91 for (i = 1; i < U; i++) {

92 if (left > x[i])

93 left = x[i];

94 else if (right < x[i])

95 right = x[i];

96 if (top < y[i])

97 top = y[i];

98 else if (bottom > y[i])

99 bottom = y[i];

100 }

101

102 widx = fabs(left) + fabs(right);

103 widy = fabs(top) + fabs(bottom);
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104

105 left -= 0.1 * widx;

106 right += 0.1 * widx;

107 top += 0.1 * widy;

108 bottom -= 0.1 * widy;

109

110 widx = fabs(left) + fabs(right);

111 widy = fabs(top) + fabs(bottom);

112

113 if (widx >= widy) {

114 Lx = 150.0;

115 Ly = Lx * widy / widx;

116 } else {

117 Ly = 150.0;

118 Lx = Ly * widx / widy;

119 }

120

121 g_init("Kudo", Lx + 10.0, Ly + 10.0);

122 g_device(3);

123 g_def_scale(0, left, right, bottom, top, 5.0, 5.0, Lx, Ly);

124 g_cls();

125 g_sel_scale(0);

126

127 printf("
�"�

0 6 1 0.3\n");

128 printf("��" : � \n");

129 printf("��� ��� ��� 	�
 \n");

130 printf("��� �� ��� ��� \n");

131 #ifdef ORIGINAL

132 printf("�� ��""� ");

133 scanf("%d", &i);

134 #else

135 i = 6;

136 #endif

137 g_line_color(i);

138 g_area_color(i);

139 g_box(left, right, bottom, top, 1, 1);

140

141 domain(T, num, x, y);

142 flow(U, cum, x, y, u);

143

144 g_sleep(-1.0);

145 g_term();

146 }

147

148 void domain(int T, int **num, vector x, vector y)

149 {

150 int i, j;

151 double zx[3], zy[3];

152

153 #ifdef ORIGINAL

154 printf("
�� ��""� ");

155 scanf("%d", &i);

156 #else

157 i = 7;

158 #endif

159

160 g_def_line(0, i, 0, 4);

161 g_sel_line(0);
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162 g_area_color(i);

163

164 for (i = 0; i < T; i++) {

165 for (j = 0; j < 3; j++) {

166 zx[j] = x[num[i][j]];

167 zy[j] = y[num[i][j]];

168 }

169 g_polygon(zx, zy, 3, 0, 1);

170 }

171 }

172

173 double norm(double x, double y)

174 {

175 return sqrt(x*x+y*y);

176 }

177

178 void flow(int U, int *cum, vector x, vector y, vector u)

179 {

180 int i, kind, m;

181 double d , r ,theta;

182 vector ux, uy;

183 double c1, c2, mu, nu, omega1, omega2, exponent, bunbo, ur, ut, R1, R2;

184 double error, totalerror, maxerror;

185

186 ux = new_vector(U);

187 uy = new_vector(U);

188

189 #ifdef ORIGINAL

190 printf("� ��""� ");

191 scanf("%d", &i);

192 #else

193 i = 0;

194 #endif

195 g_def_line(0, i, 0, 0);

196 g_sel_line(0);

197

198 printf("� �2"� ");

199 scanf("%lf", &d);

200

201 R1 = 0.5; R2 = 1.0;

202 mu = 1.0; nu = 1.0;

203 omega1 = 1.0; omega2 = 1.0; exponent = 2 + mu / nu;

204 bunbo = pow(R2, exponent) - pow(R1, exponent);

205 c1 = (omega1 * R1 * R1 * pow(R2, exponent)

206 - omega2 * R2 * R2 * pow(R1, exponent))/bunbo;

207 c2 = (omega2 * R2 * R2 - omega1 * R1 * R1) / bunbo;

208 printf("c1=%g, c2=%g\n", c1, c2);

209 /* ���� M=5, ���� N=24 '2�� m ��(	�$ m '+,� */

210 /* �	" U = 2M’(2N’ - 1) � M’=mM, N’=mN '
�(� m ������	 */

211 m = (12 + sqrt(36 + 30 * U)) / 120;

212 for (i = 0; i < U; i++) {

213 r = sqrt(x[i]*x[i] + y[i]*y[i]);

214 theta = atan2(y[i],x[i]);

215 ur = mu / r; ut = (c1 / r + c2 * pow(r, 1 + mu / nu) );

216 ux[i] = ur * cos(theta) - ut * sin(theta);

217 uy[i] = ur * sin(theta) + ut * cos(theta);

218 }

219 totalerror = 0.0; maxerror = 0;
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220 printf("
�'�$&' ? (0:	
�, 1:���, 2:�)");

221 scanf("%d", &kind);

222 for (i = 0; i < U; i++) {

223 /* ����$��������3����� ����')�2'� */

224 if( i % m == 0 && (i / (48 * m)) % (2 * m) == 0){

225 if (kind == 2)

226 arrow(x[i], y[i], x[i] + d * (u[cum[i]] - ux[i]),

227 y[i] + d * (u[cum[i] + 1] - uy[i]) );

228 else if (kind == 0)

229 arrow(x[i], y[i], x[i] + d * ux[i], y[i] + d * uy[i]);

230 else

231 arrow(x[i], y[i], x[i] + d * u[cum[i]], y[i] + d * u[cum[i]+1]);

232 }

233

234 /* �� Gamma2 ,'��	%
��������')�2'�. */

235 else if (i % m == 0 && i / (48 * m * (10 * m -2)) == 1){

236 if (kind == 2)

237 arrow(x[i], y[i], x[i] + d * (u[cum[i]] - ux[i]),

238 y[i] + d * (u[cum[i] + 1] - uy[i]) );

239 else if (kind == 0)

240 arrow(x[i], y[i], x[i] + d * ux[i], y[i] + d * uy[i]);

241 else

242 arrow(x[i], y[i], x[i] + d * u[cum[i]], y[i] + d * u[cum[i]+1]);

243 }

244

245 error = norm(u[cum[i]]-ux[i],u[cum[i]+1]-uy[i]);

246 totalerror += error;

247 if (error > maxerror)

248 maxerror = error;

249 }

250 printf("totalerror=%e\n", sqrt(totalerror));

251 printf("max error=%e\n", maxerror);

252 }

253

254 void arrow(double x1, double y1, double x2, double y2)

255 {

256 double x3, y3, x4, y4;

257

258 x3 = 0.1 * ((x1 + 9.0 * x2) + (y2 - y1));

259 x4 = 0.1 * ((x1 + 9.0 * x2) - (y2 - y1));

260 y3 = 0.1 * ((y1 + 9.0 * y2) - (x2 - x1));

261 y4 = 0.1 * ((y1 + 9.0 * y2) + (x2 - x1));

262

263 g_move(x1, y1);

264 g_plot(x2, y2);

265 g_plot(x3, y3);

266 g_move(x2, y2);

267 g_plot(x4, y4);

268 }

269

270

271

272

273

274

275

276

277
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278

279

280

6.6
����������	
1 /*

2 * contour.c ---��-./01 ������ #�$'�(��&�'�
3 * �#��	
�� ��3��� (

��
)

4 */

5

6 #include <math.h>

7 #include <stdio.h>

8 #define G_DOUBLE

9 #include <glsc.h>

10 #include "matutil.h"

11

12 void glsc(int, int, int, int **, int *, vector, vector, vector);

13 void domain(int, int **, vector, vector);

14 void flow(int, int *, vector, vector, vector);

15 void arrow(double, double, double, double);

16 void draw_contour(int, int, int, int **, int *, vector, vector, vector);

17 void open_window(int, int, int, int **, int *, vector, vector, vector);

18 void draw_elements(int, int, int, int **, int *, vector, vector, vector);

19 void celldraw(double, double, double,

20 double, double, double,

21 double, double, double,

22 double);

23 void line_level(int ll);

24

25 int main(int argc, char **argv)

26 {

27 FILE *f1, *f2;

28 int i, j, U, T, SIZE;

29 int *cum, **num;

30 vector x, y, u;

31

32 if (argc != 3) {

33 printf("usage: %s <input> <output>\n", argv[0]);

34 exit(0);

35 }

36 if ((f1 = fopen(argv[1], "r")) == NULL) {

37 fprintf(stderr, "Can’t open %s", argv[1]);

38 exit(1);

39 }

40 if ((f2 = fopen(argv[2], "r")) == NULL) {

41 fprintf(stderr, "Can’t open %s", argv[2]);

42 exit(2);

43 }

44

45 fscanf(f1, "%d %d", &T, &U);

46

47 x = new_vector(U);

48 y = new_vector(U);

49 if (x == NULL || y == NULL) {
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50 fprintf(stderr, "\n");

51 exit(1);

52 }

53 for (i = 0; i < U; i++) {

54 fscanf(f1, "%lf %lf", &x[i], &y[i]);

55 }

56

57 num = malloc(T * sizeof(void *));

58 if (num == NULL)

59 printf("����� �1* �������&'(\n");

60 for (i = 0; i < T; i++) {

61 num[i] = malloc(sizeof(int) * 6);

62 if (num[i] == NULL) {

63 fprintf(stderr, "����� �1* �������&'(\n");

64 exit(1);

65 }

66 }

67 for (i = 0; i < T; i++)

68 for (j = 0; j < 6; j++)

69 fscanf(f1, "%d", &num[i][j]);

70

71 if ((cum = malloc(sizeof(int) * U)) == NULL) {

72 fprintf(stderr, "�&���"* �������&'( \n");

73 exit(1);

74 }

75 for (i = 0; i < U; i++)

76 fscanf(f1, "%d", &cum[i]);

77

78 fscanf(f1, "%d", &SIZE);

79 fclose(f1);

80

81 u = new_vector(SIZE);

82 if (u == NULL) {

83 fprintf(stderr, ",� ��& �������&'( \n");

84 exit(1);

85 }

86 for (i = 0; i < SIZE; i++)

87 fscanf(f2, "%lf", &u[i]);

88 fclose(f2);

89

90 open_window(U, T, SIZE, num, cum, x, y, u);

91

92 #ifdef OLD

93 glsc(U, T, SIZE, num, cum, x, y, u);

94 #else

95 /* draw_elements(U, T, SIZE, num, cum, x, y, u); */

96 draw_contour(U, T, SIZE, num, cum, x, y, u);

97 g_circle(0.0, 0.0, 1.0, G_YES, G_NO);

98 g_circle(0.0, 0.0, 0.5, G_YES,G_NO);

99 #endif

100

101 g_sleep(-1.0);

102 g_term();

103

104 return 0;

105 }

106

107 void open_window(int U, int T, int SIZE, int **num, int *cum,
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108 vector x, vector y, vector u)

109 {

110 int i;

111 double left, right, top, bottom, widx, widy, Lx, Ly;

112 left = right = x[0];

113 top = bottom = y[0];

114

115 for (i = 1; i < U; i++) {

116 if (left > x[i])

117 left = x[i];

118 else if (right < x[i])

119 right = x[i];

120 if (top < y[i])

121 top = y[i];

122 else if (bottom > y[i])

123 bottom = y[i];

124 }

125 printf("left=%g,right=%g\n",left,right);

126 printf("bottom=%g,top=%g\n",bottom,top);

127

128 widx = fabs(left) + fabs(right);

129 widy = fabs(top) + fabs(bottom);

130

131 left -= 0.1 * widx;

132 right += 0.1 * widx;

133 top += 0.1 * widy;

134 bottom -= 0.1 * widy;

135

136 widx = fabs(left) + fabs(right);

137 widy = fabs(top) + fabs(bottom);

138

139 if (widx >= widy) {

140 Lx = 150.0;

141 Ly = Lx * widy / widx;

142 }

143 else {

144 Ly = 150.0;

145 Lx = Ly * widx / widy;

146 }

147 printf("Lx=%g,Ly=%g\n",Lx,Ly);

148 g_init("Kudo", Lx + 10.0, Ly + 10.0);

149 g_device(3);

150 g_def_scale(0, left, right, bottom, top, 5.0, 5.0, Lx, Ly);

151 g_cls();

152 g_sel_scale(0);

153

154 printf("
�"�

0 6 1 0.3\n");

155 printf("��" : � \n");

156 printf("��� ��� ��� 	�
 \n");

157 printf("��� �� ��� ��� \n");

158

159 #ifdef OLD

160 printf("�� ��""� ");

161 scanf("%d", &i);

162 #else

163 printf("��"��(&'\n");

164 i = 7;

165 #endif
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166 g_line_color(i);

167 g_area_color(i);

168 g_box(left, right, bottom, top, 1, 1);

169 }

170

171 void glsc(int U, int T, int SIZE, int **num, int *cum,

172 vector x, vector y, vector u)

173 {

174 int i;

175

176 domain(T, num, x, y);

177 flow(U, cum, x, y, u);

178

179 }

180

181 void domain(int T, int **num, vector x, vector y)

182 {

183 int i, j;

184 double zx[3], zy[3];

185

186 printf("
�� ��""� ");

187 scanf("%d", &i);

188

189 g_def_line(0, i, 0, 4);

190 g_sel_line(0);

191 g_area_color(i);

192

193 for (i = 0; i < T; i++) {

194 for (j = 0; j < 3; j++) {

195 zx[j] = x[num[i][j]];

196 zy[j] = y[num[i][j]];

197 }

198 g_polygon(zx, zy, 3, 0, 1);

199 }

200 }

201

202 /* ,������'� */

203 void flow(int U, int *cum, vector x, vector y, vector u)

204 {

205 int i;

206 double d;

207

208 printf("� ��""� ");

209 scanf("%d", &i);

210 g_def_line(0, i, 0, 0);

211 g_sel_line(0);

212

213 printf("� �2"� ");

214 scanf("%lf", &d);

215

216 for (i = 0; i < U; i++)

217 arrow(x[i], y[i], x[i] + d * u[cum[i]], y[i] + d * u[cum[i] + 1]);

218 }

219

220 /*
��'� */

221 void arrow(double x1, double y1, double x2, double y2)

222 {

223 double x3, y3, x4, y4;
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224

225 x3 = 0.1 * ((x1 + 9.0 * x2) + (y2 - y1));

226 x4 = 0.1 * ((x1 + 9.0 * x2) - (y2 - y1));

227 y3 = 0.1 * ((y1 + 9.0 * y2) - (x2 - x1));

228 y4 = 0.1 * ((y1 + 9.0 * y2) + (x2 - x1));

229

230 g_move(x1, y1);

231 g_plot(x2, y2);

232 g_plot(x3, y3);

233 g_move(x2, y2);

234 g_plot(x4, y4);

235 }

236

237 /* �����'� */

238 void draw_elements(int nnode, int num_element, int num_unknowns,

239 int **num, int *cum,

240 vector x, vector y, vector u)

241 {

242 int i, j, p[3];

243

244 printf("��'�\n");
245 g_def_line(0, G_BLACK, 0, G_LINE_DOTS);

246 g_sel_line(0);

247 for (i = 0; i < num_element; i++) {

248 for (j = 0; j < 3; j++)

249 p[j] = num[i][j];

250 g_move(x[p[2]], y[p[2]]);

251 for (j = 0; j < 3; j++)

252 g_plot(x[p[j]], y[p[j]]);

253 }

254 }

255

256 /* �	���#� */

257 void line_level(int ll)

258 {

259 int color, type;

260 if(ll == 0 || ll == 1)

261 {

262 type = ll % 2;

263 g_line_color(3);

264 g_line_type(type);

265 g_line_width(2);

266 }

267

268 if(ll == 2 || ll == 3)

269 {

270 type = ll % 2;

271 g_line_color(6);

272 g_line_type(type);

273 g_line_width(2);

274 }

275

276 if(ll == 4 || ll == 5)

277 {

278 type = ll % 2;

279 g_line_color(2);

280 g_line_type(type);

281 g_line_width(2);
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282 }

283

284 if(ll == 6 || ll == 7)

285 {

286 type = ll % 2;

287 g_line_color(4);

288 g_line_type(type);

289 g_line_width(2);

290 }

291

292 else if(ll == 8){

293 g_line_color(1);

294 g_line_type(0);

295 g_line_width(2);

296 }

297

298 else if(ll == 9){

299 g_line_color(G_BLACK);

300 g_line_type(0);

301 }

302 }

303

304 /* �	�'� */

305 void draw_contour(int nnode, int num_element, int num_unknowns,

306 int **num, int *cum,

307 vector x, vector y, vector u)

308 {

309 int i, j, k, p[3], level;

310 double pmax, pmin, h;

311

312 printf("��'�\n");
313 g_def_line(2, G_BLACK, 0, G_LINE_SOLID);

314 g_sel_line(2);

315 pmax = pmin = u[2];

316 for (i = 0; i < num_element; i++) {

317 for (j = 0; j < 3; j++) {

318 k = cum[num[i][j]] + 2;

319 if (u[k] > pmax)

320 pmax = u[k];

321 else if (u[k] < pmin)

322 pmin = u[k];

323 }

324 }

325 printf("�������\n");
326 for (level = 0; level < 10; level++) {

327 h = pmin + level * (pmax - pmin) / 10;

328 for (i = 0; i < num_element; i++) {

329 for (j = 0; j < 3; j++)

330 p[j] = num[i][j];

331 celldraw(x[p[0]], x[p[1]], x[p[2]],

332 y[p[0]], y[p[1]], y[p[2]],

333 u[cum[p[0]]+2], u[cum[p[1]]+2], u[cum[p[2]]+2], h);

334 }

335 line_level(level);

336 }

337 }

338

339 /* �� ���5�	2 h
 �	�'� */
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340 void celldraw(double x1, double x2, double x3,

341 double y1, double y2, double y3,

342 double u1, double u2, double u3,

343 double h)

344 {

345 double px[4], py[4];

346 int n;

347 double r;

348

349 n = 0;

350

351 if ((u1-h)*(u2-h)<=0) {

352 n++;

353 if (u1==h) {

354 px[n] = x1;

355 py[n] = y1;

356 }

357 else if (u2==h) {

358 px[n] = x2;

359 py[n] = y2;

360 }

361 else {

362 r = (u1 - h) / (u1 - u2);

363 px[n] = (1 - r) * x1 + r * x2;

364 py[n] = (1 - r) * y1 + r * y2;

365 }

366 }

367 if ((u2-h)*(u3-h)<=0) {

368 n++;

369 if (u2==h) {

370 px[n] = x2;

371 py[n] = y2;

372 }

373 else if (u3==h) {

374 px[n] = x3;

375 py[n] = y3;

376 }

377 else {

378 r = (u2 - h) / (u2 - u3);

379 px[n] = (1 - r) * x2 + r * x3;

380 py[n] = (1 - r) * y2 + r * y3;

381 }

382 }

383 if ((u3-h)*(u1-h)<=0) {

384 n++;

385 if (u3==h) {

386 px[n] = x3;

387 py[n] = y3;

388 }

389 else if (u1==h) {

390 px[n] = x1;

391 py[n] = y1;

392 }

393 else {

394 r = (u3 - h) / (u3 - u1);

395 px[n] = (1 - r) * x3 + r * x1;

396 py[n] = (1 - r) * y3 + r * y1;

397 }
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398 }

399

400 if (n==2) {

401 g_move(px[1], py[1]);

402 g_plot(px[2], py[2]);

403 }

404 else if (n==3) {

405 g_move(px[1], py[1]);

406 g_plot(px[2], py[2]);

407 g_plot(px[3], py[3]);

408 g_plot(px[1], py[1]);

409 }

410 }

411
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